A GENERAL THEORY OF
RELATIVE REGULAR NEIGHBORHOODS

BY
MARSHALL M. COHEN()

Regular neighborhoods of polyhedra in manifolds have been discussed in many
papers, most notably, in the present context, in [W], [H-Z], [H] and [S]. We study
regular neighborhoods of X mod Y in Z where (Z, X, Y) is an arbitrary triad of
finite dimensional, locally compact polyhedra. When applied to manifolds our
theory generalizes previous results in that we make no compactness assumptions
and place no restrictions on the polyhedra X and Y to be considered. The paper is
organized as follows:

1. Definitions and notation
. Simplicial preliminaries
. The uniqueness theorem
. The characterization of collared subpolyhedra
. Cone-retracting and collaring regular neighborhoods
The stellar neighborhood theorem
Relationships between regular neighborhoods
Collapsibility and collapsible retractions

9. Regular neighborhoods via collapsibility.

V is defined to be a regular neighborhood of X mod Y in Z if there exists a full
triangulation (J, K, L; h) of (Z, X, Y) in which V underlies a relative first derived
neighborhood, V=hN(K—L, J'). Thus, on the one hand, a given regular neighbor-
hood can be presented in an explicit manner with a fixed triangulation. On the
other hand, regular neighborhoods are piecewise linear rather than simplicial
objects (““there exists a triangulation”) and there are uncountably many regular
neighborhoods of X mod Y in Z implicit in the choice of triangulating complex and
triangulating homeomorphism. We develop the theory by first exploiting the seem-
ing concreteness (§§2-5) and then developing the implicit generality (§§6-9).

After presenting the basic simplicial data we turn immediately to the uniqueness
theorem (3.1). (Existence is automatic.) This asserts that, given two regular neigh-
borhoods of X mod Y in Z, there is an ambient piecewise linear isotopy taking one
onto the other and keeping X U Y fixed. The proof is quite direct and carries a great
deal of extra information. For example (3.4) if Z is an n-manifold the isotopy can
be realized by a sequence of 2n “moves relative to X U Y.”
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The boundary of a regular neighborhood has a two-sided collar which “pinches
off”” near Y (5.3 and 7.5). The material necessary to prove and to utilize this fact
is developed in §4. A subsidiary result of this section, irrelevant to the rest of the
paper, is the *join-cobordism theorem for polyhedra” (4.3).

The usefulness of a regular neighborhood theory depends on the extent to which
it solves the

RECOGNITION PROBLEM. To be able to recognize when a given polyhedron in Z is
a regular neighborhood, or is suitably homeomorphic to a regular neighborhood, of
Xmod YinZ.

For, once V and W are known to be homeomorphic to regular neighborhoods,
or to be regular neighborhoods, the uniqueness theorem can be invoked to conclude
that they are homeomorphic to each other, or to carry one onto the other by an
ambient isotopy.

The heart of this paper is the stellar neighborhood theorem (6.1). This says,
roughly, that any reasonable candidate for a regular neighborhood (or a regular
neighborhood homeomorph) is such if it can be triangulated as a relative stellar
neighborhood in its own right—not necessarily as a relative stellar neighborhood
in an ambient first derived triangulation, or even as a relative stellar neighborhood in
any ambient triangulation. This gives a recognition criterion which is much less
stringent than the definition. It makes the theory viable and allows us to answer in
§7 many of the practical questions which occur when one wishes to use regular
neighborhood theory.

It is useful to notice that, through §7, no mention of collapsing occurs. Thus even
when working in manifolds the recognition problem can often be most simply
resolved without a collapsing argument.

Finally we turn to collapsibility as a recognition criterion. When the ambient
space is a manifold this has been the usual criterion (indeed the definition) because
of the correspondence between simplicial collapsing and *““shelling” in manifolds.
We give a solution to the recognition problem in terms of collapsible retractions
(9.1). The existence of a collapsible retraction—i.e. a p.l. retraction with compact,
collapsible point inverses—is equivalent (§8) to the existence of a collapse, but it
seems to be a more natural notion in the noncompact case. The retraction takes
place “all at once” and one does not have to worry about the order in which things
collapse.

This paper assumes Whitehead’s results .(in (9.2)). Otherwise it is formally
independent of and takes a different viewpoint than other developments. However
we were strongly motivated by the Hudson-Zeeman paper and by Zeeman’s
elegant proof [Z] of the uniqueness of compact, absolute first derived neighbor-
hoods.

1. Definitions and notation.

Simplicial conventions. Small Greek letters represent (closed) simplexes. We
write o <J if o is a simplex of the complex J, and o< (J—K) if o is a simplex of
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J but not of K. Lk (o, J) and St (o, J)=0 Lk (o, J) denote the link and the star of ¢
inJ.

By a complex we mean a locally finite simplicial complex in some Euclidean space
R The letters J, K, L always represent complexes. The assertion K <J means that
K is a subcomplex of J, and the assertion K <JJ means that K is a fu/l subcomplex
of J (i.e. ¢ N K is a simplex for each o <J). We write K~ J to indicate that K and J
are simplicially isomorphic. |K| denotes the space underlying K.

If S is a set (which may or may not be contained in |J|) then we denote

N(S,J) = {o < J| o is the face of a simplex of J which meets S},

CS,J)={o<J|anS = g},

N(S,J) = N(S,J) N C(S, J).
We often write N(K—L, J) instead of N(|K|—|L|, J4), when K, L<J and J, is a
partition of J. In general, we will be quick to write K instead of |K| and K—L
instead of |K|—|L|, if no confusion can occur.

Two simplexes o=o' and 7=’ are joinable if their vertices span an (i+j+ 1)-
simplex, o7. Two complexes K and J in R? are joinable if ¢ and  are joinable for
each o< K, 7<J and if (o7) N (o,7)=(o N ay)(r N 7,) for each o, 0, <K and
7, 7, <J. The empty simplex @ belongs to every complex and @o=o0 for every
simplex o. The join of two joinable complexes is denoted by KJ/— or for emphasis
by K * J—and is given by

Ki=KxJ={or|o< K, 7 <J}.
Although KJ is not locally finite in general, we will only deal with locally finite
subcomplexes of KJ. If f: K; — K, and g: J;, — J,, where K; is joinable with J;, then
(f* g): KiJ, = K,J, is defined by the condition that

(f*ux+(1-0)y) = f(x)+(1-1)g(y)
for each x e K, and y € J,.

If o <J then J' denotes a first derived of J and b(o) denotes the distinguished
interior point of o. (It is often important not to choose b(s) as the actual barycenter.)
If we write A=0b(o,)- - -b(o,) <J' it is understood that oy<o,<:-- <o, If o<J
then the dual to o inJ, D(c,J), and its subcomplex D(q, J) are defined by

D(o,J) = {b(og) - -b(oy) |0 <0y << o,<J} < J
and

D(o,J) = {b(og)- - blog) |0 T 00 < <o, <J} < J".
We shall repeatedly use the fact that D(s, J)~ Lk (s, J)’ under the isomorphism
taking b(oao)b(oe;)- - - b(ow,) onto b(og)b(e,)- - - b(e,). More generally, if f:J -~ K
is a simplicial mapping, if f: J' — K’ is also simplicial, and if ¢ < K then

D(o,f) = f~'D(o, K)
= {b(ro) - -b(1) | o < f(1g)y T < -+ < 1g < J} < J".

D(o, f) is defined correspondingly. These duals are studied in detail in §5 of [C].
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Polyhedral conventions. A triangulation of a topological space T is a pair (J, k)
where J is a simplicial complex and 4:J— T is a homeomorphism. A polyhedron
consists of a space X and a maximal family of piecewise-linearly related triangula-
tions of X. When speaking of a triangulation of a polyhedron we always mean a
triangulation in the given family. If Z and X are polyhedra, with X contained in Z,
then X is a subpolyhedron of Z (X <Z) if there is a triangulation (J, ) of Z and a
subcomplex K of J such that (K, 4| K) is a triangulation of X. In this case we say that
(J, h) is an extension of (K, h|K). More generally, if X<Z, Y<Z, and {Z} is a
family of subpolyhedra of Z then (J, {J.}, K, L; h) is a triangulation of (Z, {Z}}, X, Y)
if the J;, K and L are subcomplexes of J such that A(J;)=Z;, h(K)= X and h(L)=Y.
If, further, K and L are full in J then this is called a full triangulation of
Z,{Z}, X, Y).

All mappings and manifolds considered are piecewise linear. We write X~ Y to
indicate that X and Y are piecewise linearly homeomorphic.

Bdy, X and Int; X denote the topological boundary and interior of X in Z. The
notation 0.X is reserved (unless otherwise stipulated) for the boundary of a manifold.
The closure of a set S is denoted by CI (S) or by S. Finally, if X, Y<Z we denote

Cl(X—Y)=X;; Cl(X-Y)NnY="Y,

(The < R” stands for “relativized.” Hudson-Zeeman denoted these sets by X;; and
Y;.) This notation will only be used with X’s and Y’s, so no confusion should occur.

Regular neighborhoods. If X, Y, V<Z then V is a regular neighborhood of
X mod Y in Z if there exists a full triangulation (J, K, L; h) of (Z, X, Y) and a first
derived J’ such that V=hN(K-—L,J'). More generally, (V, {V}) is a regular
neighborhood of X mod Yin (Z, {Z}) if there is a full triangulation (J, {J;}, K, L; h)
of (Z,{Z}, X, Y) such that V=hN(K-L,J') and V,=hN(K-L, J})=
AN(K N J;—L N J, J)).

Notice that, if g: Z — Z is a homeomorphism fixed on XU Y, and if Vis a
regular neighborhood of X mod Y in Z via the triangulation (J, K, L; k), as above,
then g(V) is a regular neighborhood of Xmod Y in Z via the triangulation
(J, K, L; gh). Thus, though most authors suppress the triangulating homeomor-
phism, it will often be essential that we keep track of it.

2. Simplicial preliminaries. In this section we present the basic simplicial data
which will be used throughout the paper.

LemMmA 2.1. If K<\J and Q<J then KN Q< Q.

LEMMA 2.2. If L K<J then every simplex o < N(K, J) is uniquely expressible as
o=ofy where a<L,B<C(L,K) and y<N(K,J). Moreover if o is a principal
simplex of N(K, J) then (of)# .

Relative stellar neighborhoods. 1f K, L <J we denote
KR= N(K—"L, K); LE—_—L(-\KH.
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This notation will only be used for complexes denoted by K’s and L’s so no con-
fusion should arise. Since our complexes have the weak topology this notation is
connected with the corresponding notation for polyhedra by

LemMA 2.3. If X=|K| and Y=|L| then Xp=|Kg| and Yz=|Lg|.

CoOROLLARY 2.4. If K, L<J and J, is a partition of J inducing partitions Ky, Ly
then (K*)R=(KR)* and (L*)R=(LR)*'

LemMmA 2.5. If K, L <J and J, is a partition of J then
NK—-L,Jy) = U{NK-L,o04) |0 <J, 0N (K—L) # &}.
LEMMA 2.6. If K, L<Jo<1J then N(K—L,J))=N(K—L,J) N J,.

Proof. If o is a principal simplex of N(K—L, J,) then o is a simplex of J, meeting
K—1IL. So e<N(K—L,J) N J, If on the other hand o<N(K—L,J) N J, then
o<J, and there exists a simplex 7 such that c<7<J and » N (K—L)# @. Then,
since J, is full, = N J, =7, is a simplex which clearly contains ¢ U (+ N K). Thus 7,
is a simplex of J, such that e <7, and 7, N (K—L)+# @. Hence o< N(K—L, J,),
q.e.d.

CoOROLLARY 2.7. If L<J and K<J then Kz=K N N(K-L, J).
Proof. K N L< K<J. Therefore, by (2.6),

KN NK—-(LNK),J) = NK—(LNK),K)=NK-L, K) = K.
COROLLARY 2.8. If K, L<1J then

(1) Lp<<Kx<N(K—L,J),
() N(K—=L,J)=N(Kr—Lg,J)=N(Kg, N(K—L, J)).

Proof. L<1J and Lp=L N K. Also K<J and K=K N N(K—L, J). Therefore
(1) follows from (2.1). Assertion (2) is immediate, q.e.d.
We come now to the basic fact about relative stellar neighborhoods.

PROPOSITION 2.9. If K, L<1J then every simplex o of N(K—L,J) is uniquely
expressible as o= ofy where a <Ly, B< C(Lg, Kg)=C(L, K) and

y < N(Kg, N(K—L, J)).
Further, if o is principal then B+# &.

Proof. This is an immediate consequence of (2.8) and (2.2), except for the last
assertion. But from (2.2) we see that if o is principal then (ef)# @. Since no
principal simplex of Kj lies in Ly this implies that 8# &, q.e.d.

ConvenTION. If K, L<1J then the assertion that «fy < N(K—L, J) carries with it
the fact that a<Lg, B< C(Lg, Kz) and y < N(Kz, N(K—L, J)).

Proposition 2.9 allows us to make the following

DErINITION. Leta=(0,0), bo=(1,0)and b,=(1, 1) € R%. Let A=ab,b,. If Kand L
are full subcomplexes of J then the natural parameterization of N(K—L,J) is the
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unique simplicial mapping n: N(K—L,J) — A such that y(e)=a, 7(8)=b, and
n(y)=b,, for every simplex «fy < N(K—L,J).

Relative first derived neighborhoods. 1t is clear that [N(K—L, J')| < |N(K—L, J)|.
This, (2.5) and (2.9) yield

LemMA 2.10. If K, L<J then the simplexes of N(K—L,J') are precisely those
simplexes of J' of the form
A = b(eoBoyo)b(esByy1) - - - blegBays)
where ofyy; < N(K—L,J) and, for each i, y;= @ or Bi# @ #v;. The simplexes of
N(K—L,J') are precisely those of N(K—L,J') such that B;= @ =y, or Bi# & #yi,
for each i.

COROLLARY 2.11. If K, L<1J then N(K—L,J') and N(K—L,J') are full in J'.
Also, N(K—L,J')N L' =Lg.

LemMA 2.12. If K, L<J then
IN(K—L,J)| = (Bdyy [IN(K—L,J))) U |Li.
LemMmA 2.13. If K, L<1J and Jy<J then
N(K—L,J}) = Cl[N(K—L,J")nJy—L'].

Lemmas (2.12) and (2.13) follow from (2.10) and standard arguments about
closures of sets in simplicial complexes.

LemMA 2.14. Suppose that f: J, — J, is a simplicial mapping and that f-J; — J 3
is also simplicial. If K and L are full subcomplexes of J, and f ~*(Lg)=(f ~*L)y then

() fIN(K—-L,Jo))=N(f'K—f"'L,JY),

(2) fIN(K=L,J3)=N(f*K—f"L,J}).

Proof. Suppose that A=5b(o)- - -b(o) < f~*N(K—L, J3). Then f(A)=b(foo)- - -
b(fs,) is the face of a simplex of J; which meets K’ —L'. Since Ly < K}, this simplex
has a vertex b(n) in K’ —L’. Therefore b(u) f(A4) <J3 and there is an integer i such
that f(og) < - - <f(o)) <p<f(oi+1)<:-- <f(o,). If i<q there is a simplex @ such
that o;<fi<o;,,; and f(@)=p. Then b(a)4 N (f "'K—f~'L)# @ and we see that
A<N(f'K—f"'L,J}). If on the other hand i=q (i.e. f(o,) <p) then f(o,) < K.
Hence

o < fTHCI(K-L)) = [~ (K—L) U Lg)
= (fTK=fL) Y [} (Ly)
= (f~1K—f"1L) U (f ‘L), by hypothesis
= (f"'K)r
so that, A <oy <N(fK—f"'L,J3).

This proves that f~*N(K—L,J3)<N(f~*K—f"1L,J1). The opposite inclusion
is immediate. This proves (1). Assertion (2) follows from (1) and the fact that
AN (f'K—f"'L)= g if and only if f(c) " (K—L)= 2, q.e.d.
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LEMMA 2.15. Suppose that L< K<J and that p:J — K is a simplicial retraction
with p~*L=L. Then, if p: J' — K’ is also simplicial, and if A is a simplex of L’

() p7*N(L', K)=N(L,J),

(2) p~'Lk(A, K')=Lk(A4,J").

The first assertion is a special case of (2.14). The second assertion is proved by
the same type of argument as was used in (2.14).

The basic example.

LEMMA 2.16. If o=aBy is an n-simplex, B+# & #v, and if o4 is a partition of o
then

(@) N(eB—«, oy) is a combinatorial n-ball. (Here oy =(o,)'".)

(b) N(«B—a, ¢%) and N(of—«, oy) are (n—1)-balls.

(c) N(ef—«, o) =N(af—a, &%) U N(af —a, o%).

(d) N(eB—c, 63)=N(af—a, 0y) N 6%.

Proof. Assertion (d) is a consequence of (2.6).

Assertions (2)—(c) do not depend on which first derived o of o, we are discussing
(i.e., on which points are chosen as barycenters). Thus it will suffice to exhibit a
first derived in which |N(¢f—a, a%)| is a convex n-cell, [N(«f—a, o%)| is a convex
(n—1)-cell in its boundary, and N (e —«, ¢%) is the complement of N(af —a, o7 ) in
ON(af—a, o%).

Let : 0 > A be the natural parametrization of o=N(ef—«, d). Choose >0
so small that, if v is a vertex of o, not lying in («B), and if 7(v) = (x,(v), x2(v)), then
e<xy(v). Let b,=(1, ¢), let I, be the line segment ab, and let W, be the 2-simplex
abyb,.

Suppose that 7 is a simplex of ¢, which does not lie in («f),. We assert

(1): n~, meets Int = if and only if 7 N (¢B—c) # 2.

The proof is by analytic geometry and we leave it to the reader. This assertion
allows us to choose a first derived oy of o, such that if = is a simplex of o, which
does not lie in (e8), but which does meet (e — «), then b(7) € 7~ 1(I,). It now follows,
from the linearity of n and the assertion (1) that n~*W,=|N(eB—«, o%)| and that
n~ U,=|N(ef—c, o). By part (d) of the theorem we know further that
IN(B—a, 63)| =(n" W) N 6.

Now, ~'W, is convex and has nonempty interior. Thus it is a combinatorial
n-ball, which proves (a). Notice that n !/, separates o. Also ~1I, contains no open
sets in ¢ since 7 is linear and I, N 5(o) contains no open sets in n(s). Therefore
n~ 1, is a convex (n— 1)-cell dividing o into two n-balls, one of which is » ' W,.

Thus
o~ tW,) = () V(= W) N6,
ON(eB—a, o) = N(ef—a, oi) U N(af—a, 6}).
This proves (c). Finally (b) is true because N(ef—«, 64), as the complement of a
convex (n— 1)-cell in the boundary of a convex n-cell, is an (n—1)-ball, q.e.d.
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3. The uniqueness theorem. If X, Y<Z and (J, K, L; h) is a triangulation of
(Z, X, Y) then hN(K—L,J") is a regular neighborhood of X mod Y in Z. Thus
regular neighborhoods always exist. In this section we prove the uniqueness
theorem:

THEOREM 3.1. If V and W are regular neighborhoods of X mod Y in Z then there
is an ambient isotopy G: Z x I — Z x I such that

(@) Go=1,
(b) GI(XV Y)xI=1,
© G(V)=w.

ADDENDUM 3.2. If U is a regular neighborhood of X mod Y in Z such that
(U=Y)<(nty V)N (Int; W) and if T is any subpolyhedron of Z such that
TN (VU W)<Y then G may be chosen so that also G|(U U T)xI=1.

The proof of (3.1) is invariant on certain subpolyhedra so that it actually yields:

ADDENDUM 3.3. If (V, {V,}) and (W, {W}}) are regular neighborhoods of X mod Y
in (Z,{Z}) then there is an ambient isotopy G:(Z,{Z;}) x I - (Z,{Z;}) x I such that

(@) Go=1,

(b) GI(XV Y)xI=1,

©) G.(V)=W,; G(V;)=W,; for all j.

ADDENDUM 3.4. If Z—(X U Y) is an n-manifold then the homeomorphism G,
can be realized as the composition of 2n moves relative to X U Y.

Here we have used the

DEFINITION. If Z— P is an n-manifold and % is a homeomorphism of Z onto itself
then h is a move relative to P if there is a family of subpolyhedra {Q}} of Z such
that:

(1) The QF are n-balls with pairwise disjoint interiors.

(2) There is a single triangulation of Z in which the Q} are all subcomplexes.

3) (Qr N P)<oQ}, for all i.

@ h|(Z-U,Int; Q1) U P=1.

(5) W(QH=Qr, for all i.

(6) If any point of QF N 9(Z— P) is moved under 4 then

0N Cl(A(Z—-P))=Qpr 'is aface of QF and (O}~ * N P) < 00}~ L.

Proof of Theorem 3.1. Let (J, K, L; ) and (J, K, L; k) be full triangulations of
(Z, X, Y) such that V=hN(K—L,J’) and W=AN(K—L,J'). Then h~h:J—J
is a piecewise linear homeomorphism, so there exist partitions J, and J, of J and J
such that i=h:J,—J, is a simplicial isomorphism. Let Jj and J, be first
barycentric subdivisions. We claim that it suffices to prove the following lemma.

Lemma. If K<J, L<J and J is a partition of J then there exists an ambient
piecewise linear isotopy H:Jx I —Jx I such that

(1) Hy=1.

Q) H|(KY C(K-L,J)=10=t=1]).
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(3) Hy(o)=o for each simplex o <J (0<t<1).

@ H(|[NenK—aNnL,oy)))=|N(en K—oNL,0d)|, if o is a simplex of J
which does not lie in K but meets K—L.

Sufficiency of the lemma. (2), (4), and (2.5) imply that H|KU L=1 and
H.N(K—-L,J,)=N(K—L,J'). Let H: JxI—Jx I be the corresponding isotopy
of J given by the lemma. Then the desired isotopy G: Zx I — Z x I is defined as
the composition of the following homeomorphisms:

(hx1)-? H-! (hx1I)
@ZxD) s (Ix])———— s (I [) ——— > (Zx])
(Ax1D™t H . (Ax1)
Ux])————> (Ix]) —————(Zx]I).

This proves the theorem modulo the lemma.

Proof of the lemma. If we can find a homeomorphism H, satisfying (2)-(4) then
the condition (3), H,(¢) =0 for each ¢ <J, implies, by Lemma 15 of [Z], that we can
find the desired isotopy. Hence our problem is to construct such an H,.

Let S; be the set (not a subcomplex) of simplexes o’ <J (j<i) which do not lie in
K but which meet K—L. Thus S,= @ and, if dim J=n, then J=KV C(K—-L,J)
U S,. Let j=KU C(K—L,J) U S;. Set f,=1. Assume inductively that a homeo-
morphism f;: J — J has been defined such thatf|K U C(K—L, J)=1, fi(e)=0 for
all o<J and fiNcN K—oNL,0y)=N(cN K—-aonNL,o) for all €S, We
proceed to define f;,; as a composition gf; for an appropriate homeomorphism g.

Suppose o=¢'*1€ S;,;. By (2.9), o=0fy where a<L;, B<C(Lg Kz) and
y < C(Kg, J). By definition of S, ;, neither 8 nor y is empty. Notice that

(@eNK)y—(cNL)y=(@NKg)—(cNLg) = f—c.
Clearly ¢ <J; and fi(6)=¢. By (2.16) and (2.5)
N(eB—e, 0%) N6y = N(eB—a, 65%)
=U{NGEnK-rNnL,7y)|7<d,7Nn(K-L) # &}

and a similar statement holds for N(«f—«, ¢’) N 6'. Thus, applying f; to each
summand we have

SN (B —o, 0}) N 6%) = N(ef—a,0’) N6

Therefore (2.16) N(ef—«, ') and fiN (e —«, o3) are (i+ 1)-balls in ¢ meeting ¢ in
the common i-ball N(ef—«, 6"). Recalling that N(¢B—«, o4 ) has a convex realiza-
tion, it follows that (o, fiN(ef—«, o%)) and (s, N(ef—«, ¢')) are each homeomor-
phic to the cone on the pair (6, N (e —«, 6')). Therefore there is a homeomorphism
gs: 0 — o such that g,|6=1 and g,fiN(eN K—oNL,03,)=N(cN K—oNL,0d).

Notice that N(b(e), J') = b(o)é’ D(o, J) where |b(0)s’| = |o|. We define g: |J| — |J|
by the conditions

(i) g|N(b(o), J')=g5 * 15,5, if 0 € (Si+1—S)),

(ii) g(x)=x if x ¢ N(b(o),J') for any o € S; ;- S..
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Then, if 0 € (S;+1—S)), g|N(b(a), J)=(8g4]6") * 1p¢,5,=1. Also,
(Int; N(b(o), I N |Ji| = &,

and if 0 # 7 then N(b(c), J') N N(b(7), J")=N(b(o), J') N N(b(7), J'). Therefore g is
a well-defined homeomorphism of J onto itself, supported by

U AN®(0), /') | o € (Sir1—S)}

and fixed on J;. Finally notice that g(+)=r for all r<J. For if g(x)#x then
x € N(b(o), J') for some o €(S;,,—S;). The carrier of x in J’' is of the form AB
where A=b(a,)- - -b(o,) < D(o,J) and b(s)<B<b(c)s’. If A=z then xelnts
and g(x) e Into. If A+ @ then x € Int o, and g(x) € Ab(s)s’ is also in o, since its
barycentric coordinate relative to b(o,) is unchanged. Hence g does not change the
carrier of any point in J.

If we define f;, ; =gf; and proceed inductively then the homeomorphism f, = H,
satisfies conditions (2)-(4), q.e.d.

Proof of Addendum 3.2. We shall show (7.1 and 7.3) that under the hypothesis
of (3.2) V and W are both regular neighborhoods of U mod (Y U T) in Z. Apply
@3.1).

Proof of Addendum 3.3. Condition (3) of the lemma used in the proof—namely
that H,(o)=o for all o<J,0=t=<1—implies that for any subcomplex J;<J,
H(J))=J; and HN(K-L,J{)=N(K—L,J;). Thus the proof of the uniqueness
theorem naturally carries within it the proof of Addendum (3.3).

Proof of Addendum 3.4. The homeomorphisms g;,, =f;,,f;"! constructed in the
proof of (3.1) have the properties

(1) 8- -8281=H,,

(2) gi+1N(b(0), J')=N(b(o),J’) for each o € S;,,—S,,

3 gi+1|(‘]_ U {Int;;; N(b(0), J)|o € S; 41— SH=1.

Ifo € (S;y,—3S;) then e« (K U L). So if J— (K U L) is an n-manifold, it follows that
D(o,J) is a ball or a sphere, depending on whether or not o< Cl [6(J—(K U L))]
=J,. Then Q"(0)=N(b(o), J')=b(0)¢’ D(o, J) is an n-ball meeting (K U L) only in
its boundary. If any point of Q"(c) N J,is moved by g; ., then e <Jy and Q™(e)NJ,=
N(b(o), J) is an (n—1)-ball. One checks easily now that each g;, , is a move. Thus
H, is a composition of n moves, H, is a composition of n moves and G, is a com-
position of 2n moves.

4. The characterization of collared subpolyhedra.

DerFINITION. If X <Z then we say that X is collared in Z (X is bicollared in Z) if
there is a polyhedral neighborhood ¥ of X in Z and a homeomorphism A: X x [0,.1]
— V(h: Xx[—1,1]— V) such that h(x, 0)=x for all x e X. We say that X is
locally collared in Z (X is locally bicollared in Z) if, for each x € X there is a poly-
hedral neighborhood V of x in Z such that V' N X is collared (bicollared) in V.

In this section we characterize (4.2) the collaringof X— YinZ— Ywhen X, Y<Z.
This result will be used in §5 and §6.



1969] GENERAL THEORY OF RELATIVE REGULAR NEIGHBORHOODS 199

LeEMMA 4.1. Assume that J, and J, are complexes (in some Euclidean space) and
e <L<(Jy N Jy). If there is a homeomorphism h: J, — J, such that h|L=1 then there
is a homeomorphism g: Lk (o, J,) — Lk (o, J,) such that g|Lk (o, L)=1.

Proof. Suppose that o=v is a vertex of L. Let J;. and J,. be partitions of J; and
Jo such that h: Jy. — J,. is a simplicial isomorphism. Then there are homeomor-
phisms g;: Lk (v, Ju) > Lk (v, J;), (i=1, 2) defined by pseudo-radial projection
(e.g., see Lemma 8 of [Z]) such that

(1) if v<a<J, then g(|Lk (v, «4)])=]|Lk (v, &)|,

(2) g:|Lk (v, Ly)=g2|Lk (v, Ly).

So g=gohgy ': Lk (v, J,) = Lk (v, J,) is a homeomorphism with g|Lk (v, L)=1.

Suppose that #>0 and the lemma is true for all simplexes of dimension less than
n. Let o=o"=vr<L. Let J;=Lk (+,J;) and L=Lk (r, L). By induction hypothesis
there is a homeomorphism g: J; — J, such that g|[L=1. Now v is a vertex of L, so
by the case n=0, there is a homeomorphism g: Lk (v, J;) — Lk (v, J,) such that
g|Lk (v, L)=1. Since Lk (v, Lk (7, T))=Lk (v, T), this completes the proof.

PROPOSITION 4.2. If X and Y are subpolyhedra of Z, the following statements
are equivalent.

(A) X—Yis collaredinZ—Y.

(B) X—Y is locally collared in Z.

©) If (J, K, L; h) is any triangulation of (Z, X, Y) and if o is any simplex of
K—L then there is a homeomorphism g:L1k (o,J)— v Lk (o, K) such that
g|Lk (o, K)=1.

(D) If (J, K, L; h) is a full triangulation of (Z, X, Y) then there is a homeomor-
phism

g:C(L', N(K—L,J)) - C(L', K')x I

such that

(D.1) g(x)=(x, 0) for all xe C(L', K'),

(D.2) gD(o,J)=D(o, K)x I for all s < K—L,

(D.3) g(C,)=D(o, K)x 1, for all e<K—L where C,=N(D(s, K), D(c,J))
= C(D(U, K), D(O, N)A).

Proof. (A) = (B). This is obvious.
(B) = (C). Assume first that o=x is a vertex of K—L. If K, is any partition of X
then St (x, K,) x I=P can be triangulated as

(x, 0) * [(Lk (x, Ky) < I) U (St (x, Ky) x D).
Identify K, = K, x0. Obviously there is a homeomorphism
g: (Lk (x’ P)a Lk (X, K*)) - (U Lk (X, K*)’ Lk (X, K*))
(?) Using (7.5) one can further prove that N(K—L, J’) is (p.l.) homeomorphic to a regular

neighborhood of Xz x0 mod Yz x 0 in Xz x I and is topologically equivalent to (X x I)/[(y, 0)
=(y,)ifye Yrand tell.
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such that g|Lk (x, Ky)=1. Since K—L is locally collared in J at x and since the
pair (Lk (x,J), Lk (x, K))~(Lk (x, J4), Lk (x, K,)) for any partition (J,, K,) of
(J, K) it follows easily that there is a homeomorphism g: Lk (x, J) — v Lk (x, K)
such that g|Lk (x, K)=1.

If o is an arbitrary simplex of K— L we star J at b(c) and apply the above result to
b(s). Thus there is a homeomorphism g: ¢ Lk (s, J) — v6 Lk (o, K) such that
gle Lk (o, K)=1. We extend this homeomorphism conewise to a homeomorphism
g1:0 Lk (0,J) = vo Lk (o, K) such that g,|o Lk (o, K)=1. Finally we apply (4:1)
and get the desired homeomorphism g,: Lk (o, J) — v Lk (o, K).

(C) = (D). We define the homeomorphism g inductively. Let

Ji=U{D@" " J)|o"t < K—L} < J',
K, = \U{D@" ", K)| """ < K—L} < K',

where n is the dimension of K— L. Notice (see (2.10)) that J,=C(L',N(K—L,J"))
and K,=C(L', K’). Suppose that a homeomorphism g;_,:J;_; — K;_; x I has been
constructed to satisfy (D.1)-(D.3) for all simplexes of dimension greater than
(n—i). Let o=0""!< K—L. Notice that

D(o,J)NJ;_y = U{D(r,J) |0 £ v < K—L} = N(D(o, K), D(a, J)),
D(o, K) = U{D(r,K) | o 3 7 < K=L}

and
N(D(s, K), D(0,J)) = U{C,| o S 7 < K—L}.

Hence, using (D.1)~(D.3), we have

gi-1(D(e,J)NJi_)) = D(o, K)xI,  gi_1|D(o,K) =1
and
gi—lN(D(a: K)7 D(09J)) = D(O, K)X 1.

We first extend g; _, over C,. The natural isomorphism of (D(e, J), D(s, K)) onto
(Lk (0, J), Lk (0, K)) takes N(D(s, K), D(s,J)) onto the regular neighborhood
N(LK (o, K)', Lk (0, J)') of Lk (o, K) in Lk (o, J). But by (C), Lk (0, J)~v Lk (e, K)
and we know that the complement of a regular neighborhood of T in vT is just a
smaller concentric cone. Thus C, is piecewise linearly a cone on its subcomplex
N(D(o, K), D(0,J)). On the other hand, D(o, K)x 1=(b(c), 1) * (D(o, K) x 1).
Thus we may extend g;_, conewise over C, and obtain a homeomorphism of
D(o,J) onto (D(o, K)xI)U (D(o, K)x1). Finally we notice that D(o,J)
=b(s)D(0,J) and the cell complex D(o, K)x I can be triangulated as (b(o), 0) *
[(D(e, K) x I) U (D(o, K)x 1)]. Thus we may extend g;_, conewise to all of D(a, J).
Doing this simultaneously for all o ~! we construct a homeomorphism g; satisfying
(D.1)~(D.3). Finally we set g=g,.

(D) = (B). Suppose xe€ X—Y. Choose a full triangulation (J, K, L;h) of
(Z, X, Y) in which v=h"*x) is a vertex. Then by (D), (D(v,J), D(v, K))=~
(D(v, K) x I, D(v, K) x 0). Hence X is locally collared in Z at x=h(v).
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(D) = (A). Let Z=Z—Y, §=X—Yand Y= . Let (A)~(D) be the assertions
analogous to (A)-(D). Then (D) = (B) = (ﬁ) = (13). However (l~3) tells us that
C(L,N(K-L,J")=N(K',J') is a collar of K. Thus X=X-Y is collared in
Z=Z-Y, qed.

As a consequence of (4.2) we get the following “join-cobordism theorem for
polyhedra.” This is a generalization of Theorem (10.3) of [C].

COROLLARY 4.3. Suppose that K and L are disjoint, nonempty subcomplexes of J,
that each of these complexes is locally collared in J and that every simplex in J is the
Join of a simplex in K and a simplex in L. Then there is a homeomorphism h: (J, K, L)
—(KxI, Kx0, Kx1).

Proof. By (4.2D) there is a homeomorphism f: N(K’,J') — K’ x I such that
f(K)=K’'x0 and fN(K',J")=K'x 1. Similarly there is a homeomorphism g of
N(L',J') onto L'xI such that g(L')=L'x1 and gN(L,J')=L’x0. Define
h:J— Kx |0, 2] by stipulating that A|N(K',J')=f and h(g~*(x, t))=(hg~*(x, 0))
+(0, t), where K< R? and (0, t) € R?x I. This is a well-defined homeomorphism
because N(K',J)=N(L’,J’), q.e.d.

5. Cone-retracting and collaring regular neighborhoods.

THEOREM 5.1. If V is a regular neighborhood of X mod Y in Z then there is a
retraction p: V — Xy such that

(a) If xe X—Y then p~*(x) is a compact cone with x as cone point and p~*(x) N
Bdy; V as base.

(b) p7(Yr)= Y.

ADDENDUM 5.2. If X—Y is a proper locally unknotted n-manifold in the gq-
manifold Z—Y then the projection may be chosen so that, for each x € X— Y, the
base of the cone p~'(x) is homeomorphic to S*~"~' x B' where i=i(x) is an integer
depending on x.

Proof of (5.1). It suffices (see (2.8) and (2.12)) to prove that, if LIK<J
=N(K—L,J), then there is a retraction p of N(K—L,J’) onto K’ such that
p *(x)=xif xeL and p~*(x) is a compact p.l. cone on p~}(x) " N(K—L,J)
otherwise.

Let N=N(K, J). We may assume without loss of generality that K <(R" x 0) and
vN < (0 x RP) are complexes in R**?=R" x R?, where v=(0, 0) is thought of as the
origin in R?. Consider the polyhedron Q < R**? given by

Q= U{axBxuy) | afy <J = N(K—L,J)}.

Here « * (8 x vy) is the convex hull of the simplex « and the convex cell (8 x vy).
It is the union of all line segments from points of « to points of (8 x vy). (Indeed if S
is a complex partitioning (8 x vy) then « and S are joinable.) If = & then o * (8 x vy)
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=(Bxuvy). Let §: R*x R — R* be the natural projection. Let ¢g=g|Q. Then, if
afy <J,

g = (Bxvy)) = qf{t(a, 0)+(1—2)(b, c) | (a, b, ¢, t) € (x Bx vy x I)}
= {t(a,0)+(1—1)(b,0) | (a, b, t) e («x Bx I)}
= a*ﬁ.

Thus q is a retraction of Q onto K. Clearly g~ 'L=L. If x is a point of K—L with
carrier aofy, say x=ta+(1—1t)b, then

g7} (x) = {t(a, 0)+ (1 =1)(b, ¢) | c € vy, aoBoy < J}
= t(a, 0)+ (1 —1)[bx v * (LK (20B0, J) N N)].
Therefore (g~ *(x), g7 *(x) N U {« * (Bxy) | «By <J})~(vP, P) where
P = Lk (200, J) N N(K, J).

Let us define a cell complex to consist of a polyhedron T together with a covering
family of subpolyhedra—each a piecewise linear ball—such that the interiors of
these balls are pairwise disjoint, the family is closed under finite intersection, and
the boundary of each of these balls is the union of balls in the family. If two cell
complexes are isomorphic in the sense that there is an incidence preserving one-one
correspondence between the covering families then one can easily build a piecewise
linear homeomorphism between the underlying polyhedra which carries each cell
onto its corresponding cell.

Now Q is a cell complex with typical cells of the form « * (8 x vy) or o * (8 X y)
or B, where ofy is an arbitrary simplex of N(K—L, J). Similarly (see (2.16))
N(K-L,J') is a cell-complex with typical cells of the form N(af—c, (¢fy)’) or
N(eB—a, (¢By)") or («f) where ofy<N(K—L,J). The obvious isomorphism
between these complexes induces a homeomorphism i: (N(K—-L, J"), K) = (Q, K)
which is the identity on K and takes (N (K —L,J")) onto

J{ax(Bxy) | afy < N(K-L,J)}.

Then p=h~qh has the desired properties, q.e.d.

Proof of (5.2). Suppose that (J, K, L; h) is a full triangulation of (Z, X, Y) with
V=hN(K—L,J'). Let x € (X— Y) and let o be the carrier of A~ *(x) in J. The proof
of (5.1) shows that the projection p: V — Xj, determined by this triangulation,
has the property that p~!(x) is the cone on P where

P ~ Lk («f, N(K—L,J)) " N(Kz, N(K—=L,J)).

Assume now that we had chosen (J, K, L; h)=(Jq, Ky, Lo; h) where (Jo, Ko, Lo; h)
was already a full triangulation of (Z, X, Y). Thus «f=5(A4,B,)- - -b(A.B,) where
A;<(Lo)g, Bi<C(Ly, Ko) and B,# . So
P~ {b(ArBrDO) : 'b(ArBqu) | Di < (Lk (ArBr’ Jo)—Lk (ArBr, KO))}
~ C(Lk (4,B,, K)', Lk (4,B,,J)").
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Since (Z— Y, X—Y) is a proper locally unknotted manifold pair, this is homeo-
morphic to the complement of the regular neighborhood of B*~7~1in B*~7-1 or of
S™=7=1in §9°7-1 where j is the dimension of A4,B,, q.e.d.

THEOREM 5.3. If V is a regular neighborhood of X mod Y in Z then (Bdy, V)— Y
is bicollared in Z— (X L Y).

COROLLARY 5.4. If (Z—Y) is an n-manifold and V is a regular neighborhood of
Xmod YinZ then (V—Y) and (Z—V)— Y are n-manifolds. The second conclusion
holds under the weaker assumption that Z—(X U Y) is an n-manifold.

REMARK. When Z is a manifold there are certain important pairs of polyhedra
X, Y—e.g. the link-collapsible pairs studied in [H-Z]—for which V itself is a
manifold.

Proof of (5.3). Let (J, K, L; h) be a full triangulation of (Z, X, Y) such that
V=hN(K—L,J'). We shall use (4.2c) to show that N(K—L,J')—L’ is collared in
C(K—L,J)—L' and in N(K—L,J")—(K' U L’). This is sufficient by (2.12).

Let 4 be a simplex of N(K—L,J')—L’. Then A=b(a,)- - - b(s,) where o; =By,
<N(K—L,J). Moreover B,# @ #v,, and B; is empty if and only if y, is empty.
Hence A=>5b(x)- - - b(ey— 1)b(0,)- - - b(o,) Where B, # & #v,. Decomposing Lk (4, J)
into the blocks determined by its vertices we have

Lk (4,J") = Lk (b(co)- - - b(etr - 1)b(0,), 07) % D(oy, 6, 41)- - Doy, 65) * D(og, J)
= Lk (B, o)) * S

where B=b(c,)- - - b(e,_1)b(0,) and S= D(o,, 6,,1)- - - D(og, J).

We assert that

(1) Lk (4, N(K—L, J"))=Lk (B, N(,B,— o, o)) * S,

(2) Lk (4, N(K—L,J"))=Lk (B, N(e,3, — ,, a})) * S,

(3) Lk (4, C(K—L,J'))=Lk (B, C(e,,—a, 0.)) * S.

Let N,=N(¢B,—«,,0;) and C,=C(«B,—c,, 0;). Consider the first assertion.
Every simplex in S lies in N(K—L, J') because, for each vertex b(o;) = b(;B:y;) with
i>r, Bi# @ #y.. Also N,<N(K—L,J'). Hence, the right-hand side of (1) is con-
tained in N(K—L, J') N Lk (4, J'). This intersection is equal to Lk (4, N(K—L, J'))
becausé N(K—L, J’) is full in J'. Therefore the right-hand term is contained in the
left-hand term. On the other hand, a simplex in this intersection is of the form D, D,
where D; <Lk (B, 0,), D,<S and D,<[N(K—L,J') N o,]=N,. Therefore D,
<Lk (B, o}) " N,=Lk (B, N,). Thus D,D, is a simplex of the right-hand side.
This proves (1). Assertions (2) and (3) are proved similarly.

We wish to show that Lk (4, N(K—L,J')) is piecewise linearly a cone on
Lk (4, N(K—L,J"). Using (1) and (2) it will suffice to show that Lk (B, N,) is a
cone on Lk (B, N,). Now N, is a ball and N, is a face of this ball by (2.16). Since the
vertex b(o,) of B lies in the interior of N, we see that Lk (B, N,)=Lk (B, aN,)
=0 Lk (B, N,). Therefore Lk (B, N,) is homeomorphic to v Lk (B, N,) by a
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homeomorphism which is the identity on Lk (B, N,). This completes the proof that
(Bdy; V)— Y is collared in V—(X U Y).

One proves similarly that (Bdy; V)— Y is collared in Cl((Z-V))- Y, q.e.d.

Proof of (5.4). If, in the preceding proof, J—L is an n-manifold then D(c,, J)
~Lk (o, J) is a ball or a sphere, for each o,<J—L. Thus formulas (1)-(3) imply
that (N(K—L,J')—L') and (C(K—L, J')—L') are n-manifolds, q.e.d.

ExAMPLE 5.5. One might hope that regular neighborhoods could be character-
ized by Theorems (5.1) and (5.3). This is not possible, as the following example
shows. (The matter is further discussed in §9.)

Let D3=[—1, 1]®< R3 and let 4 be a polygonal arc which consists of the straight
line from (—1, 0, 0) to (4, 0, 0) plus a knotted arc from (4, 0, 0) to (3, 0, 0), con-
tained in [4, 3]x[—1, 312, plus the straight line from (3,0,0) to (1,0,0). Let
Z=D3U (AxD)<R* X=(0,0,0)xI and Y=g. Let V,;=(—¢,tPxI)NZ for
t=1%, t=%. Then Bdy; V; is bicollared and the projection map p: V, — X given by
p(x, y, z, w)=(0, 0, 0, w) yields point inverses which are either arcs or the 3-ball
([—1, t]* x 0). Obviously V;,, is a regular neighborhood of X in Z. But V3, is not
such a regular neighborhood, since any homeomorphism of V3, onto V;,, would
have to take the knotted ball pair ([—%, 3]3, 4 N [—4, #]®) onto the unknotted ball
pair ([—%, £I° [—4, 2] x0x0).

6. The stellar neighborhood theorem.

DEFINITION. If Y< X<Z then a stellar triangulation of (Z, X, Y) is a full tri-
angulation (J, K, L; h) such that J=N(K—L, J).

The purpose of this section is to prove

THEOREM 6.1 (THE STELLAR NEIGHBORHOOD THEOREM). Suppose that X, Y, V<Z
where V is a topological neighborhood of X—Y and V N Y=Yy Then

(a) If there is a stellar triangulation (J, K,L;h) of (V, X, Yr) such that
h(N(K—L,J)—L) is locally collared in V then there are regular neighborhoods U and
U, of Xmod Y in Z, contained in V, and there is an isotopy H of V into itself such
that H|(Vx0) U (UyxI)=1 and H,(V)="U.

(b) If (Bdy; V)— Y is locally bicollared in Z and if there is a stellar triangulation
(J, K, L; h) of (V, Xy, Yz) such that hN(K—L,J)=(Bdy; V) U Yy then V is a
regular neighborhood of X mod Y in Z.

(c) If there is a full triangulation (J, K, L; h) of (Z, X, Y) such that hN(K—L, J)
=V and N(K—L,J)—L is locally collared in N(K—L,J) and in C(K—L, J) then V
is a regular neighborhood of X mod Y in Z.

REMARK 1. Surprisingly, it is not enough to assume in (c) that
S=(N(K—L,J)—L)is bicollared in J. This is illustrated when L= &, K={a, b} and
J=acd U bcd. The problem is that S may be bicollared and yet not be contained
in (Bdy; V)— Y. However, it is easy to show that if .S is locally bicollared and
contained in (Bdy; V)— Y then S is locally collared in N(K—L,J) and in
C(K-L,J).
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REMARK 2. The proof will be rather long because of technical difficulties
resulting when Y# @. However, the basic idea of the general proof is given when
Y= @ by the following observation: If K<IJ=N(K,J) and if N(K, J) is locally
collared in J then N(K, J)' is the union of a first derived neighborhood of K and a
collar.

We first prove two preliminary lemmas.

LEMMA 6.2. Suppose that f: ¢ — 7 is a simplicial mapping. Let ' be the standard
barycentric subdivision of r. Let o' be the first derived of o determined by the con-
dition that b(«) is the centroid of the convex cell (f|x)~b(f()), for each « <o. Then
D(p, 0) is convex for each p<o.

Proof. If p=x,---x, then D(p,o)=(){D(x;, o) |0=i<m}. Therefore it
suffices to show that D(v, o) is convex for each vertex v.

Let r=u,- - -ugand let f~'(u;) =vhv} - - - vh, = 0;. (We may assume that f'is onto, so
S~ Yu)# @.) Set o=v,- - -v, where the v’s are indexed so that

i __ —_
Uj = Ung+ D+ -+ (g1 +1)+5 (noy=-1.

Let A (x) or Ai(x) be the barycentric coordinate of x € ¢ with respect to v, or v}
respectively. Notice—or if desired take as definition—the fact that the centroid of

f~1b(7) is given by

[centroid of £~ 1b(r)] = b(e) = % i b(s))

Z (u{,+v{+~-+v{,,)_
q+1 n,~+1

A similar formula holds for the barycenter of each face of o.

We prove that D(v,, o) is convex by exhibiting it as the intersection of ¢ with a
family of half-spaces. Through each 1-simplex v,v; of o we define a hyperplane H,
bisecting vov;. This in turn determines the appropriate half-space H;" containing v,.
If 1=j=(no+1) then the defining equations are:

Hyperplane H;: Ag=A,.

Half-space H}f : A, 2 A;.

(NoTe. H, is the plane generated by b(vev;) * Lk (vev;, 0).) If j>(n,+1) and
v, =0} then the appropriate equations are:

Hyperplane H,: A+ - - - + A3 =Ab+ - - - + AL,

Half-space Hj : A3+ - - + A3, ZAb+ - - + A,

(NoTE. H, is the plane generated by [middle slice of o, * o] * Lk (040, 0).)

To show that |N(vo, 0')| is included in the convex set (1); (H; N o) it suffices to
prove that each vertex of N (v, ¢’) is in this intersection. This is a straightforward
and tedious exercise in barycentric coordinates using the formula for centroids given
above. To demonstrate the reverse inclusion one considers a point x in
(o—|N(vo, 0")|). The carrier of x in o’ is a simplex of the form b(«,)- - - b(e;;) where
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vo € o (and, as always, ag<a; < - -+ <ag). A calculation of barycentric coordinates
proves that there is an H, such that x ¢ H;", q.e.d.

LEMMA 6.3. Assume that A=ab,b, is the 2-simplex pictured below.

FIGURE 1

Let A’ be the barycentric subdivision of A. Assume that n: B — A is a simplicial
mapping such that by <n(y) <aby and 7(8) <b,. (B may be empty.) Let (YB) be the
first derived of YB chosen so that b(«) is the centroid of (n|e)~'b(n(«)), for each
a<yB. Let (yB)* be the first derived of Y8 chosen so that the barycenter of «, denoted
b*(a), is defined as follows: (see Figure 1)

() If n(e) <ab, U ab, then b*(o)=b(o).

(ii) If a=pB, where p<y, & #Bo<PB and by <n(p) then

b*(o) = 17 *(csbs) N b(p)b(pBo)-

Let D( , ) and D*( , ) denote duals taken with respect to (YB)" and (YB)*
respectively. Finally, let p be any simplex of y such that b, <v(p). Then:

(1) | D*(p, ¥8)| =7"*(Q) N | D(p, ¥B)],

(2) |C(D*(p, ), D*(p, ¥B))| =71"*(cabs) N | D(p, ¥B)|.

Proof. For simplicity we denote

C(p; ¢, $B) = C(D(p, %), D(p, ¥8)) = C(D(p, $), Dlp, ¥B)),
C*(p; , ¥B) = C(D*(p, ), D*(p, ¥B)) = C(D*(p, ), D*(p, ¥B)).
The proof is by induction on the codimension of p in ¥B; ie. on

n=(dim YB—dim p). The result is trivial when n=0. We assume that n>0 and the
result is known for integers less than n.
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STep I. Let A=5b(po)- - - b(ps)b*(ps+1Bs+1)- - -b*(p,B;) be a simplex of D*(p, ¥iB)
where p<po<---<p<¥,and & #B;,,<--- <B,<B. Recall that

b*(legj) = [n7Y(csbs)] N [b(Pj)b(ij;)].

Thus 7 takes each vertex of 4 into Q. Since Q is convex and 7 is linear on B it
follows that 7(4)< Q. Also it is clear that each vertex of 4 belongs to | D(p, YB)|.
The latter set is convex by (6.2) so A<n~*(Q) N |D(p, ¥B)|. In case s=—1, i.e.
A<C*(p; ¢, ¥B), this argument shows that A<n~(czbs) N | D(p, ¥B)|. Hence

| D*(p, ¥B8)| <1~ 2(Q) N [ Dlp, YB)| and C*(p; 4, YB)=n ~*(c3bs) N | D(p, YB)|.
Step II. We claim that

@) 77X(Q) N Dlp, yf) is an n-ball,

(i1) = *(cabs) N D(p, YB) is an (n— 1)-ball,

(iii) o[(r=1Q) N D(p, ¥B)]=[(n"1Q) N &D(p, YB)] Y [(n~*(cabs)) N D(p, YB)],

(iv) 0l(n~"(csba)) N D(p, ¥B)]=(n"*(cabs)) N 2D(p, YB).

To see this, notice that there is a first derived Qg of Q, such that
Q = [N((csbs)', Qo) and  csbs = |N((cabs)’, Q0).
If we take a first derived of D(p, 8) such that »|D(p, ¥B)": D(p, YB)’ — Qp is
simplicial then it follows from (2.14) that
(171Q) N D(p, $B) = N(D(p, ¥)', D(p, ¥B)"),

(™ *(csbs)) N D(p, ¥8) = N(D(p, $)', D(p, YB)).
Then assertions (i)—(iv) are immediate consequences of the convexity of the sets in
(i) and (ii) and the basic facts about first derived neighborhoods in a manifold
(e.g. (3.4) of [C)).

Step III. Clearly D(p, ) is an n-ball. We prove that C(p; ¢, yB) is an (n— 1)-
ball and we calculate 9 D(p, ¥8) and 9C(p; ¢, ¥B) explicitly. Analogous formulas
hold for D*(p, ¥8) and C*(p; ¢, ¥B). Let a=Lk (p, ). Then

D(p, $B) = {b(peoBo)- - - blpagBy) | & < «, By < B}
9D(p, YB) = D(p, ¥B) U D(p, &(¥P)) by (5.6) of [C]
= {b(paoBo) - -bpasBy) | (Bo # @ OF g # &) or (g # & OF B, # B)}
= Clp; 4, 48) W (U {D(, ¥B) | p 3 1 < ¥})
V(UA{DG, 9B | p < & 2 41 Y (U {D(p, Y87 | B £ BY.

Under the natural isomorphism between D(p,¥B) and Lk (p, ¥8)' = (o),
C(p; ¢, ¥B) goes onto N(B’, («B)'). This proves that C(p; 4, ¥) is an (n— 1)-ball.
Using the fact that oN(B', (¢B))=N(B’, («B)’) U N(8’, &(eB)’) we can calculate
ON(B', («B)) just as we calculated 9D(p, ¥8) above. Returning under the inverse
isomorphism this yields:

0C(p; 4, ¥B) = (U{C(u; 4, ¥B) [ p 3 1 < ¥})
VUACG: 8,98 | p < P 3 4D U (UL{Cle; ¥, ¥82) | Ba 2 BY).
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Step IV. We prove that |C*(p; 4, Y¥B)| =y~ (csbs)) N | D(p, ¥B)|- We have
already shown (Step I) that one of these is included in the other and we know
(Steps II and III) that each is an (n— 1)-ball. Thus it suffices to prove that

[0C*(p; 3, ¥B)| = 0ln~*(csbs) N [ D(p, ¥B)|].
But

oC*(p; %, ¥B) = (U{C*w; 9 9B) | p £ 1 < YDV (U AC*p; %, IB) | p < §2 4D
V(U {C*(p; ¢, ¥B) | B, = BY), by Step III,

= 0" Yesbs) N [U{D@ ¥B) | p £ 1o <3V (U LD, ¥B) | p < & £ 4})
U (UA{D(p, ¥B.) | Ba £ BY VY C(p; ¢, ¥B)],
noting that (y~*(csbs)) N C(p; ¢, ¥B)=0, and using the induction hypothesis

= 77 Ycghs) N 0D(p, YB) by Step III
= 0[n~*(csbs) N D(p, ¥B)] by (iv) of Step 1L

This proves assertion (2) of our lemma.

SteP V. To prove that | D*(p, ¥B)|=7n"*Q N | D(p, $8)| we note that these are
each n-balls and that one is included in the other. Thus it suffices to prove that their
boundaries coincide. The argument is similar to Step IV, q.e.d.

Proof of (6.1c). We shall be working with the simplicial complex J. To simplify
the notation we write ¥=N(K—L,J), V=N(K-L,J) and W=C(K—L,J). We
may assume (taking a barycentric subdivision of J modulo V if necessary) that V'
and V are full in J.

Let A=abyb,. (See Figure 1 and (6.3).) Let A’ be the barycentric subdivision of A
and let A* be the first derived with vertices a, by, b4, ¢, b3, ¢4, and c3. As usual
n: N(K—L,J)— A is the natural parametrization. Let J’ be a first derived of J
such that b(c) is the centroid of (5]|o)~'b(y(0)), for each simplex o < N(K—L,J).
Define J* as the first derived of J which agrees with J' on C(K—L, J) U K and for
which b*(pB)=7"1(csbs) N b(p)b(pB) Whenever p<(V—L), & #B<C(L, K) and
pB<J. Notice that n:J' — A’ and n: J* — A* are simplicial mappings. Simplicial
structures relating to J are denoted as usual, while those relating to J* are denoted
by asterisks. If p< S<T<J then C(p; S, T)=C(D(p, S), D(p, T)) and C*(p; S, T)
=C(D*(p, S), D*(p, T)). The symbol p always denotes a variable nonempty
simplex of V—L. Finally, we set

N =NW-LJ), N =NV-LIJ),
Ny =NWV-L, V), Ny=NV-L, V),
NF = NV=L, V¥, NF=NV-L,V*.
(See Figure 2.)



1969] GENERAL THEORY OF RELATIVE REGULAR NEIGHBORHOODS 209

p, V)

N7 ,,
N\

A

7,
TR

1/ 2

L S~

FIGURE 2

Step 1. We apply the theorem on collared subpolyhedra (4.2D) to the triples
(V,V,VNnL) and (W, V,L). Thus there is a homeomorphism g: C(L’, A")
— C(L’, V") x [0, 3] such that, for each simplex p< V—L,

D(p, W) — D(p, V)% [2, 3],
D(p, V) — D(p, V)% [0, 2],
D(p, V)L D(p, V) x2,
Clp; V, W)= D(p, V) x3,
C(p; V, V) — D(p, V) x0.
Claim. g can be chosen so as to further satisfy
ClL, ¥ —CW, V)x]1,2],
D*(p, V) = D(p, V) <1, 2],
C*p; V, V)= D(p, V) x 1.
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LEMMA USED TO PROVE THE CLAIM:
0y "I_I(Q).’= C(L', A7) and 7~ *(c3bs)=C(L', AH).
() If p<V—L then

77Y(Q) N D(p, V) = D*(p, V) and n~*(csbs) N D(p, V) = C*(p; V, V).
Q) If p<y<V—L, p<V—L,yB<V, and B< C(L, K), then
774Q) N D(p, YB) = D*(p, YB) and n~*(csbs) N D(p, ¥B) = C*(p; ¥, YB).

Proof of the lemma. By taking successive unions one proves easily that (3)
= (2) = (1). But (3) is precisely the conclusion of (6.3).

Proof of the claim. »|C(L’, A#%) is a simplicial mapping into Q,. There is a first
derived Qg of Q, such that

0= ]N(C4b4—02b2, Q6)| and c3b; = |N(C4b4"02b2, Q6)|

We choose a first derived C(L’, #%)’ such that y: C(L', #3) — Qp is also sim-
plicial. Then, by (2.14), (" 3(Q), {n~(Q) N D(p, V)}) is a regular neighborhood of
C(L, V)mod C(L', #y) in (C(L, #),{D(p, V)}). Thus by the lemma,
(C(L', #), {D*(p, V)}) is such a regular neighborhood. Notice also that the
boundary of this regular neighborhood is (C(L’, .A'/V*), {C*(p; V, V).

From the above we see that g(C(L’', A7), {D*(p, V)}) is a regular neighborhood
of C(L', V')x2mod C(L', V")x0 in (C(L', V') x [0, 2], {D(p, V) x [0, 21}). There-
fore we may apply Addendum 3.3 of the uniqueness theorem to get a homeomor-
phism g, of (C(L', V") x [0, 2], {D(p, V) x [0, 2]}) onto itself such that

g:|C(L, V) x{0,2} =1,
£.8C(L', #¥) = C(L', V') x[1,2],
glgD*(Pa V) = D(Pa V)X [1,2]’
8.8C*(p; V, V) = D(p, V) x 1.
If we define g, to be the identity on C(L’, V') x[2, 3] then g,g=g, is a homeo-
morphism which satisfies the claim.

Step II. We now define a homeomorphism A, of J onto J such that
ho|C(V—L,J")=1 and ho(V)=N(K-L,J*). Since (K'UL)<C(V-L,J"),
h, is the identity on (K’ U L’). (For the rest of this paragraph let V=hN(K—L, J).)
Hence (J, K, L; hhg?) is a full triangulation of (Z, X, Y) such that

V = hhy*N(K—L,J*).

This proves that V is a regular neighborhood of X mod Y in Z.

Let u: [0, 3] — [0, 3] be a homeomorphism such that #(0)=0, u(2)=1 and
u(3)=3. Let k=1xu: C(L', V) x[0,3]— C(L, V')x|0, 3]. Let g be the homeo-
morphism constructed in Step I. Then g ~*kg=h, is a homeomorphism of C(L’, A")
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onto itself. Using the properties of g we see that
(11.1) hyD(p, J)=D(p, J) for each p< V—L,
(I12) y|C(p; ¥, D)=1,
(IL3) hD(p, V)=C*(p; V, V),
(IL.4) h,D(p, W)= D*(p, J).
Let L,=L n N(V—L, V). Then, by (2.10),
N =NWV-L,J)
= {B(egy080) - - B(ogyedy) | iyidy < N(V—=L,J),y; = @ = § = o}
= U {4D(p, J)|p < (V—L) and:
A= gorAd=b(): - ble) < Ly with o, < p}
N = {AC(p; V,J)|p < (V—L) and:
A= g orA = b)) ble,) < Ly with &, < p}
C, A) = U{D(p, Nlp < (V-L)}
CIL, ) =U{C(p; V., D)lp < (V-L)}.
Extend A, to a mapping h,: 4~ — A" by stipulating that
hol[4 % D(p, J)] = Ly % hy| D(p, J).
By (IL.1), hy|AD(p, J) is a homeomorphism of 4 D(p, J) onto itself. Also
(4o D(po, J)) N (A1 D(py, J)) = (Ao N A1) D(po- p1, J),

where po- p, is the smallest simplex of J containing both p, and p,, and this dual is
understood to be empty if there is no such simplex. Therefore A, is a well-defined
homeomorphism of A with itself. From (I1.2) it is clear that

ho| ¥ = ho]N(V—=L,J') = 1.

So h, extends to a homeomorphism 4, of J which is the identity on C(V—~L, J").
It remains only to show that h(V)=N(K—-L, J*).

Suppose that x e J— V. If hy(x)=x then ho(x) ¢ N(K—L,J*). If ho(x)#x then
x € [AD(p, W)—AD(p, V)] for some simplexes A<L, and @ #p< V—L. There-
fore, by (11.3) and (11.4), ho(x) € [AD*(p, J)— AC*(p; V, V)]. Hence the carrier of
ho(x) in J* is of the form B=>5(xy)- - - b(e))b*(po)b*(p1B1) - - - b*(p.B,), Where p< p,
<V—L. Thus B&«N(K—L,J*), and we see that, in any case, x ¢ V' implies
ho(x) ¢ N(K—L, J*). Therefore N(K—L, J*) < hy(V).

To prove the opposite inclusion notice that, on the one hand, h,N(K—L,J")
=N(K-L,J")=n"Yabobs) <n~Y(abobs)=N(K—L,J*). On the other hand, if B
is a simplex of N(K—L,J)' —N(K—L,J') then

B = b(a)- - 'b(aq)b(aq+17’q+1)b(°‘q+1leq+27’q+2)' <+ b(eBryr)
where «By;<N(K—L,J) and & #y,,,<N(Kg, N(K—L,J)). Let P=0gs1Vq+1-



212 M. M. COHEN [February

Then p<(V—L) because ¥ N L=L, Thus B<AD(p, V) where A<L; and
p<V—L. Hence

ho(B) < A % hoD(p, V)
= A * ho(Cl [D(p, J)— D(p, W)])
= A+ Cl[D(p,J)—D*(p,J)], by (IL1), (IL4).

Let P denote the closure in the last expression. Now D*(p,J)> D(p,J) N7~ 1Q
by the lemma in Step I; so if x € P then 5(x) € abobs. Since A < L, n(4)=a. Hence,
by linearity of 7, n(4 * P) <abybs. Thus

ho(.B) <AxP < n_l(aboba) = N(K_L, J*).

Therefore ho(V)=N(K—L, J*). The proof of (6.1c) is complete, q.e.d.

Proof of (6.1b). We assume that (Bdy; ¥')— Y is locally bicollared in Z and that
there is a stellar triangulation (J, K,L;h) of (V, Xz, Yz) with AN(K—L,J)
= (Bdy; V) U Y;.

Since

(Bdy; VYU Y, < CI((Z-V)) U Yy,
it follows from the definition of a subpolyhedron that there is a partition
(N(K—L, J))y and a triangulation

£ (Q3 N(K_La J)*s KOa Lo;‘I)
(o)

(CL(Z-V) Y Ya, (Bdy; V) U Yi, CL(X=V) VU Yi, CL(Y—-V) U T = Y)

such that
and q| IN(K—L,J)s| = h | [N(K-L,J)|
|0l N |J]| = ¢~ ((Bdyz V) U Yz) = |[N(K—L,J)|.
We may assume that each of the subcomplexes mentioned is full in Q.

Extend the partition N(K—L,J), to a partition J, of J=N(K—L,J) by de-
manding that (eBy), = B((«y),) for all «By <J. This gives a well-defined triangulation
of |J4| U | Q| because |J4| N | Q| inherits the same triangulation from J, and from
Q.LetJ;=J, U Q, K;=K, U K, and L, =L,. Define h,:J, — Z by the condition
that h,|J,=h and h;|Q=q. One checks easily that (J;, Ky, L;; hy) is a full tri-
angulation of (Z, X, Y). Also, notice that N(K—L,J),=N(K,~-L,,J;) and
N(K—=L,J)y=N(K,—L,,J,). Therefore V=h,N(K,—L,,J;). Finally,

hy(N (K, =Ly, Jy)—Ly) = h(N(K—L,J)—L) = (Bdy; V)~- Y.
Hence N(K;—L,,J;)—L, is locally bicollared in J;. So, since this set lies in the
topological boundary of N(K; —L,,J;)—L,, it is locally collared in N(K;—L,, J;)

and in C(K,—L,,J;). The hypotheses of (6.1c) are satisfied. Therefore V is a
regular neighborhood of Xmod Yin Z, q.e.d.
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Proof of (6.1a). We are given a stellar triangulation (J, K, L; h) of (V, Xz, Yz)
such that A(N(K—L, J)—L) is locally collared in V. Let J’ and J* be first deriveds
of J chosen as in the proof of (6.1c). Let V,=N(K—L,J*) and V,=N(K-L,J’).
Clearly V, is a regular neighborhood of X mod Y in V. The argument for (6.1c),
restricted to N(K—L, J), can be easily modified to yield an isotopy G of V into V
such that Go=1, G,|V,=1 and G,(V)=V,. Some subdivision (Jo, Ko, Ly; h) of
(J',K',L'; h) extends to a full triangulation (Jy, K, Ly; h;) of (Z, X, Y). Let
U=h,N(K,—L,,J}) and let Uy=h,N(K,—L,, J7). These are both regular neigh-
borhoods of X mod Y in Z and of Xz mod Y in V. Then, by Addendum (3.2)
(which will be proved in the next section, using (6.1c) and (6.1b)) there is an isotopy
F of V onto itself such that Fy=1, F;|Uy=1 and F;(V,)=U. Thus H=FG is
an isotopy of V into V with the desired properties, q.e.d.

7. Relationships between regular neighborhoods. Suppose that X, Y, Z,<Z
and X,, Y,<Z,. In this section we answer the following practical questions:

What is the effect on a regular neighborhood of increasing or decreasing the
polyhedron Y?

What are the relationships between two regular neighborhoods of X mod Y in Z
when one contains the other?

When can a regular neighborhood V,, of X N Z, mod Y N Z, in Z,, be extended
to a regular neighborhood (V, V) of X mod Y in (Z, Z,)?

What is the relationship between (V, V,) being a regular neighborhood of
Xmod Yin (Z, Z,) and V being a regular neighborhood of

(X v Vo) mod (Y U Bdy;, Vo)
inZ?
Given two regular neighborhoods of X, mod Y, in Z,, when can an isotopy of
(Z, Z,) be found which takes one onto the other and keeps fixed a crucial sub-
polyhedron of Z?

PROPOSITION 7.1.

(a) If V is a regular neighborhood of X mod Y in Z, P<Z, and (P N V)< Y then
V is a regular neighborhood of X mod (Y U P) in Z.

(b) If Vis a regular neighborhood of X mod (Y U P)inZ and if (P N X)< Y then
V is a regular neighborhood of X mod Y in Z.

Proof. In both (a) and (b)
(X-Y)=X—-(YuUP),
Yo =(YUP)r=(FNnY)=Vn(YUP),

and
(Bdy, V)— Y = (Bdy, V)—(Y U P).

The result then follows in each case because the hypotheses in the stellar neighbor-
hood theorem (6.1b) do not depend on what is happening outside V, q.e.d.
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The analogue of (7.1) for pairs—i.e., for regular neighborhoods (V, V) of
X mod Y (or of Xmod Y U P)in (Z, Z,)— would follow from the stellar neighbor-
hood theorem for pairs. The latter theorem appears to be true by a proof completely
analogous to that of (6.1). Since however we have not developed the theory for
pairs explicitly, we give a direct proof of that special case of (7.1) for pairs which
will be needed in the sequel.

LemMma 7.2. Suppose that K, L<1J,<\J and that P is a subpolyhedron of |J| such
that PN |N(K—L,J)|<|L|. Then (N(K—L,J"), N(K—L, Jy)) is a regular neighbor-
hood of K mod (L U P) in (J, J,).

Proof. There is a partition J, of J such that |L| U P is the underlying space of a
full subcomplex, say Q, of J,. By definition the pair (N(K— Q, J4), N(K— Q, J.))
is a regular neighborhood of K mod (L U P)in (J, J,). But this pair is just

(N(K—-L,Jy), NK—L, Jy.))

since P N |[N(K—L,J)| <|L|. By the proof of the uniqueness theorem, there is a
homeomorphism fixed on [KU C(K—L,J)] which takes this pair onto (N(K—L,J’),
N(K—-L, Jg)). The prescribed homeomorphism obviously is fixed on KU L U P.
Therefore (N(K—L, J"), N(K—L, J)) is a regular neighborhood of K mod (L U P)
in (J,J,), q.e.d.

ProrosiTiON 7.3. If V and V, are regular neighborhoods of X mod Y in Z and
(Vo—Y)<Int, V then

(a) V is a regular neighborhood of V, mod Y in Z;

(b) C1(V—X) is a regular neighborhood of Vomod (XU Y) in Z.

Proof. To prove (a), let (J, K, L; h) be a full triangulation of (Z, X, Y) exhibiting
V as a regular neighborhood, V=hAN(K—L,J'). Let V,=hN(K—L, J"). The stellar
neighborhood theorem (6.1b) implies that V'is a regular neighborhood of V; mod Y
in Z. But (7.1a) implies that ¥V, and V; are both regular neighborhoods of
X mod (C1(Z-V)) U Y. Hence there is a homeomorphism g of Z onto itself such
that g(V)=V, g|Y=1 and g(V,)=V,. Therefore V is a regular neighborhood
of Vomod Yin Z.

To prove (b), choose a full triangulation (J, Ky, L; h) of (Z, V,, Y) such that
h~}(X) and A~ }(X U Y) underlie full subcomplexes K and K U L of J. By part (a)
there is a homeomorphism g of AN(K,—L,J') onto V such that g|(V, U Y)=1.
Thus (J, Ko, KU L, gh) is a full triangulation of (Z, V,, XU Y) such that
gh(N(K,—L,J")) = V. Therefore

gh(Cl [N(Ko—L,J")—K]) = Cl (V= X).

However, Cl[N(K,—L,J)—K]=N(K,—(KUL),J). Hence CI(V—X) is a
regular neighborhood of ¥y mod XU Yin Z, q.ed.
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ReMARK. Addendum (3.2) follows directly from (7.1), (7.3) and the uniqueness
theorem for regular neighborhoods.

ProposITION 7.4. If V, is a regular neighborhood of Xmod Y in Z and V is a
regular neighborhood of V, mod Y in Z then V is a regular neighborhood of X mod Y
in Z.

Proof. Let U be a regular neighborhood of X mod Y in Z such that U-Y
<lInt; ¥,. Since (C1 (Z—V)) N U<(CI(Z-V)) N V,< Yit follows (3.2) that there
is a homeomorphism g: Z — Z such that g| Y=1, g(V)=V and g(V,)=U. Hence
the hypothesis implies that ¥ is a regular neighborhood of U mod Y in Z. But, by
(7.3), V, is a regular neighborhood of U mod Y in Z. Therefore there is a homeo-
morphism 4 of Z onto itself such that h(V,)=V and h|(U U Y)=1. Then, since V,
is a regular neighborhood of Xmod Y in Z, sois V, q.e.d.

PROPOSITION 7.5. Suppose that U and V are regular neighborhoods of X mod Y
inZwith(U-Y)<Int; V. Let Yo=Y N Bdy; V. Then Cl (V- U) is homeomorphic
to the regular neighborhood of (Bdy; V') x 0 mod (Y, x0) in (Bdy; V) x L.

Proof. Let Z,=V U (Bdy; V' xI) be the disjoint union with the identification
x=(x, 0) if x € Bdy;, V. It is obvious from the stellar neighborhood theorem (6.1b)
that U and V are regular neighborhoods of X; mod Y; in Z,. Let W be a regular
neighborhood of ¥ mod Y; in Z,. By checking a triangulation in which W is a
first derived neighborhood of V, one sees that Cl (W — V) is a regular neighborhood
of Bdy; V' mod Y, in (Bdy; V) x I. Thus it suffices to exhibit a homeomorphism of
Z, onto itself which takes V onto W and U onto V.

By (7.3), V is a regular neighborhood of U mod Yy in Z,. Hence, by (7.4) W is
such a regular neighborhood. Therefore there is a homeomorphism f of Z, onto
itself such that f|U=1 and f(V)= W. Now U and V are regular neighborhoods of
Xz mod (Y, U Cl(Z,— W)) in Z,, by (7.1). Hence there is a homeomorphism g of
Z, onto itself such that g(W)= Wand g(U)=V. Then gf(V, U)=g(W, U)=(W, V),
q.e.d.

The following lemma is a special case of (7.9) and will be used to prove (7.9).

LEMMA 7.6. Suppose that V, is a regular neighborhood of X mod Y in Z, where
X, Y<Z,<Z and every triangulation of Z, extends to a triangulation of Z. Then, if
P<Zand (P N Z,)< Y, there is a subpolyhedron V of Z such that (V, V,) is a regular
neighborhood of X mod (Y U P) in (Z, Z,).

ReMARK. Every triangulation of Z, extends to one of Z if, for example, Z is a
manifold and Z,=0Z. Also (see [A] and [L]) every triangulation extends if (Z, Z,)
is a proper locally unknotted manifold pair or(®) if Z is a manifold and Z, is a
compact, codimension 3 subpolyhedron in the interior of Z. (In the former case,
C. P. Rourke has given an alternate proof, using block bundle theory, which

(®) The author is grateful to M. A. Armstrong for pointing this out.
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eliminates Armstrong’s compactness assumption.) Most generally, E. C. Zeeman
has asserted that every triangulation extends if and only if the intrinsic i-skeleton of
Z, equals the ambient intrinsic i-skeleton of Z, in Z, for each integer i. However the
proof of this assertion seems to be in doubt(*). [These comments are just
background. We shall not use the results alluded to above.]

Proof. Choose a full triangulation (Jo, K, L; hy) of (Z,, X, Y) such that ¥V,
=h,N(K—L, Jg). By hypothesis there is a triangulation (J, Jo, &) of (Z, Z,) such
that h|Jy=h,. We may assume that J, is full in J. It would suffice to know that
h~(P) " N(J,—L,J)<L. For this implies that A~*(P) " N(K—L, J)<L. Then,
taking a first derived J’ of J which agrees on J, with Jg, we could apply (7.2) to
conclude that (N(K-L,J'), N(K—L,Jy)) is a regular neighborhood of
Kmod (LY h~'P) in (J, Jy). It would follow that the image (¥, V,) of this pair
under 4 is a regular neighborhood of X mod (Y U P) in (Z, Z,).

Unfortunately it might not occur that A~!(P) N N(J,—L,J)<L. However,
let J be a first barycentric subdivision of J modulo J, and let g: J — J be a homeo-
morphism such that

(1) glo=1, )

Q) "} (P)NgN(Jo—L,J)<L.

Then (J, J,; hg) is a triangulation of (Z, Z,) with all the desired properties. We
shall show that such a homeomorphism g exists.

Notice that [N(Jo—L, J)|=|N(Jo—L,J’)| and interpret (2) accordingly.

g is defined to be the identity on J, W C(J,—L,J). Suppose that g has been
extended inductively over

Ji =Jo U C(Jy—L,J) U (i-skeleton of J)

so that, for each ¢ <J; we have

(a) glo)=o,

() A~ (P)NngNenJo,—oNL,d)<L.
We extend g over each simplex 7<J;,;—J;. Since r<N(Jo—L,J)—J;,, r=aBy
where a <L, B< C(L, Jy), y < C(Jo, J), B# &, and y# @ . By hypothesis

R (P)Nn TN Jp] < |ef.
By inductive assumption
h-{(PYNngN(ENJy—+NL,#)=h"Y(P)NgN(B—qa, ) < |af.
Let g, be a homeomorphism of = onto 7, fixed on #, which takes
b(7) * gN(eB—a, ') = (looy* g| N (B -, 7))

onto a regular neighborhood W of gN(ef—«, ') mod [A~1(P) U gC(ef—c, #')]
in 7. This is possible because, on the one hand, b(7) * gN(«f—«, +') is a regular

(*) A proof of this in the compact case has now appeared in E. Akin’s thesis, Manifold phenom-
ena in the theory of polyhedra, Princeton Univ., Princeton, N. J., 1968.
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neighborhood of gN(¢f—«, +') mod gC(«f—«, +') by the stellar neighborhood
theorem. On the other hand W is such a regular neighborhood because

[A~(P) N gN(eB—a, )] < |o| < gC(ef—q, #')

and we may apply (7.1). Notice that g,|+=1 and W N h~(P)<|«|.
Now we extend g over each r<J;,, —J; by defining

gIT =& ° (lb(a) *ng)

Continuing in this way we define g on all of J. It is easy to see that g has properties
(1) and (2), q.e.d.

PROPOSITION 7.7. Suppose that V,, and W, are regular neighborhoods of X mod Y
in Z,, where X, Y<Z,<Z and every triangulation of Z, extends to a triangulation
of Z. Then, if P<Z and (PN Z,)<(X VU Y), there is an isotopy H,:(Z,Z,) —
(Z, Z,) such that

() Hy=1; H|(Xu YU P)=1(0=5t21).

2 Hi(Vo)=W,.

Proof. Let U, be a regular neighborhood of X mod Y in Z, such that (U,— Y)
<[Intz, (Vo) N Intz;, (Wo)]. Then Cl (V,— X} and Cl (W, — X) are regular neighbor-
hoods of Uymod (XU Y) in Z,, using (7.3). Because (P N Zy)<(X U Y), the
preceding lemma implies that there exist " and W such that (V, V,) and (W, W,)
are regular neighborhoods of U, mod (X U Y U P) in (Z, Z,). Therefore there is an
isotopy H, of (Z,Z,) onto (Z, Z,) such that Hy=1, H|(XU YU P)=1 and
H,(C1 (Vy— X))=Cl(W,— X). Then

HI(VO) = HI(CI(VO—X)) v -XR = CI(WO—X) v XR = Wo, q.e.d.

There are important situations (some of which arise in §9) where we wish to
know the conclusion of (7.7) but do not know that every triangulation of Z,
extends to one of Z. One such circumstance is covered by

PROPOSITION 7.8. Suppose that V, and W are regular neighborhoods of X mod Y
inZywhere X, Y <Z,<Z. Suppose further that P <Z, (Z — P) is a manifold, (Z,—P)
is an open subset of /(Z—P), and (P N Z,)<(X Y Y). Then there is a homeomor-
phism G:(Z, Zo) ~ (Z, Z,) such that G|(X U Y U P)=1 and G(V,)= W,,.

REMARK. As in (7.7) the homeomorphism we construct is isotopic to the identity.

Proof. Let g:Z,—Z, be a homeomorphism fixed on (XU Y) such that
g(Vo)=W,. We may assume, by (3.4), that g=g,g,---g, where each g, is an
(n—1)-move relative to (X U Y). For a given g;, let {QF '} be the family of balls
with disjoint interiors on which g; is supported, where

(Q?—l ﬁP) < (Qz“1 N (XU Y)) < aQ{‘_l-

By the definition of a move we may choose a single triangulation of Z,—and then
one of Z—in which P, X, Y, and all the Q} ' are subcomplexes. Let U be a
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relative second derived neighborhood of |J QO 'mod (PU | oQr~?) in Z.
Then U=\ QF where QF is a regular neighborhood of QF~* mod (P v Q7™ 1)
in Z. By construction Qf and Q% have disjoint interiors if i#k.

We claim that QF is an n-ball. For, let Z, =Z U vQ} 1. Then Int Q} ~! is locally
bicollared in Z, since (Z,—P) is an open subset of 8(Z — P). Hence it follows from
the stellar neighborhood theorem and (7.4) that vQF~! and (vQF~' U QF) are
regular neighborhoods of v(6Q}~*) mod (6QF~') in Z,. But the closure of the
difference of these regular neighborhoods is precisely QF. Thus (7.5) implies that QF
is homeomorphic to a regular neighborhood of (¢"~!x0)mod (6"~ *x0) in
"1 x I. (Here we are using the fact that Bdy,, (QF U vQ}~*)~Bdy,, (vQF )=
Qr~1~o"~1) But, choosing a triangulation of (¢"~*xI) in which o=(c""!x0)
is a simplex whose link is the vertex w, we have N(o—¢, (o xI)")=b(wo)s’. Thus
Qr is an n-ball.

Now Q7F~1!is a face of QF and g,/ QF ~* is a homeomorphism of QF ~! onto itself
which is the identity on 0QF~1. Hence g;/Qr~! extends to a homeomorphism
G;: QF — QF such that g;|(0QF— Qr~Y)=1. This defines G; on |J O}, and we
extend G, to all of Z by defining G,|(Z— U)=1. The homeomorphism G=G,G.
-+ -G, has the desired properties, q.e.d.

PROPOSITION 7.9. Assume that X, Y, Z,<Z and that V,, is a regular neighborhood
of XNnZymod Y NZ, in Z,. If either, (a) every triangulation of Z, extends to a
triangulation of Z, or (b) Z—(X VU Y) is a manifold and Z,—(X U Y) is an open
subset of its boundary, then there is a polyhedron V <Z such that (V, V) is a regular
neighborhood of X mod Y in (Z, Z,,).

Proof. Let (W, W,) be any regular neighborhood of X mod Y in (Z, Z,). By
(7.7) or (7.8) there is a homeomorphism 4 of (Z, Z,) onto itself such that h{(X U Y)
=1 and h(W,)=V,. Set V=h(W), q.ed.

ProPoOSITION 7.10. Suppose that X, Y, Z,<Z. Then

(@) If (V, Vo) is a regular neighborhood of X mod Y in (Z, Z,) then V is a regular
neighborhood of (X U Vo) mod (Y U V) in Z. (Here V,=Bdy, V,.)

(b) If V, is a regular neighborhood of (X N Z,)mod (Y N Z,) in Z, which
extends to some regular neighborhood (W, V,) of X mod Yin(Z, Z,), if VNZy)— Y
=V,—Y, and if V is a regular neighborhood of (X U Vo) mod (Y U V) in Z then
(V, Vy) is a regular neighborhood of X mod Y in (Z, Z,).

REMARK. The hypothesis of (b) can sometimes be verified using (7.9).

Proof of (a). Let X, =(X U V,) and Y, =(Y U V). Then V is a topological
neighborhood of (X;—Y;) and (V¥ n Y,)=(Y,);. Choose a full triangulation
(J,Jo, K, L; h) of (Z,Z,, X, Y) such that (V, Vo)=h(N(K—L,J"), N(K—L, Jy)).
Set K;,=K'UN(K—L,Jg) and Ly=L" U N(K—L, J5). Then (except for a techni-
cality which we explain below), (J’, K;, L,; k) is a full triangulation of (Z, X}, Y;)
such that

V = hN(K—L,J') = hN(K,—L,,J’) and N(K—-L,J') = N(K,—L,,J").
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The last equation can be used to prove that N(K,—L,,J’)—L, is locally collared
in N(K;—L,,J")and in C(K, —L,, J'). Therefore we may apply the stellar neighbor-
hood theorem (6.1c) and conclude that V is a regular neighborhood of X; mod Y,
inZ.

The assertions made in the preceding paragraph can be verified in a straight-
forward manner, except for the claim that L, is full in J'. This is not true in general
but is true if

*):LNNK=L,Jo) < (JoN L) = [Cl(Jon K—Jo " L)] N L.

Suppose that (J, Jy, K, L; &) is any full triangulation of (Z, Z,, X, Y). Let g be a
homeomorphism of (Z, Z,) fixed on X U Y and carrying

(EN(K—-L,J’), gN(K—L, Jo))

onto (¥, V). Then, by choosing (J, Jo, K, L; h)=(J', Jo, K', L'; gg) at the outset,
we can insure that (*) is satisfied.

Proof of (b). Part (a) implies that W is a regular neighborhood of
(X U Vo) mod (Y U V) in Z. By hypothesis V is also such a regular neighborhood.
In fact, by (7.1), (2.13), and the assumption that [(V N Z,)— Y]=[V,— Y], these
are regular neighborhoods of (X U V) mod (Y U (C1(Z,— Vy))) in Z. Thus there is
a homeomorphism h: Z — Z such that 4|(Z, U X U Y)=1 and h(W)=V. Hence
(V, V,) is a regular neighborhood of X mod Y in (Z, Z,), q.e.d.

8. Collapsibility and collapsible retractions.
DEFINITION. Suppose that Y< X<Z. Then we write Z ™ X (mod Y) if there
exists a finite sequence Z=Z,>Z,>Z,> - - - >Z,= X such that
() Z,;=Z,,, Y B; where B; is an (n;)-ball, n,>0.
(i) F;F=(B;N Z,;,,) is an (n;— 1)-face of B,.
(iii) (F; N Y)<@F,.
DEFINITION. If Y< X< Z then p: Z — X is a collapsible retraction, mod Y, of Z
onto X if
(i) p is a retraction of Z onto X.
(ii) p~(x) is a compact collapsible polyhedron, for each x in X.
(iii)) p~Y(Y)=7Y.
The purpose of this section is to prove
THEOREM 8.1. If Y< X <Z is a triple of compact polyhedra then Z x X (mod Y)
if and only if there is a collapsible retraction mod Y of Z onto X.

In the light of (5.1) this theorem implies

COROLLARY 8.2. If V is compact and V is a regular neighborhood of X mod Y
in Z then V X Xy (mod Yp).

REMARK. At the end of this section we discuss the appropriate generalization of
(8.1) to noncompact triples. The importance of collapsing relative to Yy is indicated
by Theorem 9.1 and the example given in [T].



220 M. M. COHEN [February
LEMMA 8.3. If Z\ X and D" is an n-ball then
(Zx D)\ (ZxoD") U (X x D").

Proof. Let Z=Z,\---\Z,=X be a sequence of elementary collapses.
Suppose that

(Zx D"\ (Zx8D") U (Z;x D) = [(Zx 8D™) U (Z;4, x D¥)] U (B, x D"
Wherc Zi =Zi +1 V) Bi’ (Bi N Zi + 1) = E and Gi = Cl (aB, - E). NOtiCC that

[(ZxoD™)y U (Z;,,x D] N (B;x D*) = (B;xoD") U (F;x D")
= Cl [0(B; x D*)—(G; x D], a face of B;x D"

Thus (Zx D")N(Z x 0D") U (Z;,, x D™). The proof now proceeds by induction
on the number of collapses, q.e.d.

LeMMA 8.4. IfJ and K are finite simplicial complexes such that J ™\ K and if o is a
simplex, then oJ \ 6J U oK (mod o).

The proof is similar to the proof of (8.3).

LemMa 8.5. If V is compact and is a regular neighborhood of X mod Y in Z then
V' Xp.

Proof. Let (J, K, L; h) be a full triangulation of (Z, X, Y) with V=hN(K—L,J").
Then N(K—L,J')=N(Kg, N(K—L,J")). If A is a simplex of N(Kz, N(K—L,J")),
then A=5b(o,)- - - b(a,) where o;=«By;, as usual, and B,# & #y,. Hence (see 2.10)

Lk (4, N(K—L,J")) N Kj = («oBo)’ \ 0.

By Theorem 2 of [W], N(K—L,J')N\ Kz, q.e.d.

Proof of the sufficiency in Theorem 8.1. We assume that Y<X<Z and that
p:Z— Xisacollapsible retraction mod Y. We proceed by induction on ¢g=dimen-
sion Y.

Suppose that Y is empty (g= —1). Choose a triangulation (J, K) of (Z, X) (we
suppress the triangulating homeomorphism) such that p:J-— K is simplicial.
Choose first and second deriveds such that p:J' — K’ and p:J”" — K" are also
simplicial. Let o be a principal simplex of K. We shall show that p~i(o)
N o U p~1(6). Repeated application of this result then yields a collapse of J onto K.

Let ao=N(b(o), o"). Let C denote the collar N(¢",¢") and let C N oy=26,.
Notice first that

(P~ %(90), P 1(60), 00) = (00 % p~1b(0), 60 % p~1b(0), 0 X b(0)),

using the well-known fact that a simplicial mapping is a product on the inverse
image of the interior of a top dimensional simplex of the range. Therefore we
may apply (8.3) and conclude that p~1(oo) (p~1(6o) U 0p). Now notice that
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(p~*C,C)=(N(p~*6)", p~*(0)"), C) is a regular neighborhood of p~!(¢) in
(p~ (o), 0). Hence, by (7.10), p~*(C) is a regular neighborhood of

(p~X(¢) v C)mod 6, in p~1(o).
Therefore, by (8.5), p~}(C)N p~1(¢) U C. Putting these steps together we have

p~ o) = p~Hoo) Y p~HC), [P (00) NP~ H(C) = p™*(60)]
N g U p~HC), [oo N p~(C) = 6]
N g, U(CUplo)
= oV pls.

Suppose now that ¢=0 and the theorem is known for integers less than ¢. Let
(J, K, L) be a triangulation of (Z, X, Y) such that p:J— K and p:J' — K’ are
simplicial. The hypotheses that p~ 'L =L implies (2.15) that p~*N(L’, K')=N(L’,J")
and that p~! Lk (4, K')=Lk (4,J), for each simplex 4<L’. Denote I(4, S)
=Lk (4, S) N N(L', S"). Then p|I(A4,J) is a collapsible retraction onto I(4, K).
So, using the result for g= —1, I(4, J)N\ I(4, K). Therefore (8.4) implies that
AI(A,J)N\AI(A, K) U AI(A, J), (mod A4). Moreover, if A and B are g-simplexes
of L' then [AI(4,J) N BI(B,J)]<[AI(4,J) N BI(B, J)] so that the collapses of
AI(A,J) and BI(B, J) do not affect one another. Performing this collapse for each
g-simplex A <L’ we have

J =CWL,JYUNWL,J)=CWL,JYyvulU{4dI(4,J)| A < L}
NC(L,JYVUK UJ{AI(4,])| A < L', dim A < g} (mod L)
=K Up [C(L,K)YVU U{4I(4,K)| A < L',dim 4 < gq}]
N K’ (mod L'), by induction hypothesis.
This completes the proof of the sufficiency in Theorem 8.1.
LEMMA 8.6. The composition of collapsible retractions is a collapsible retraction.

Proof. Suppose that p,: X — X, and p,: X; — X, are collapsible retractions
and that x € X,. Then

(P2p) 7' (x) = pii(pz'x) N p31(x) X x.

The first collapse comes from the assumption on p, and the sufficiency in (8.1). The
second collapse comes from the assumption on p,, q.e.d.

Proof of the necessity in (8.1). Assume that Z ™ X (mod Y). Thus Z=Z,
>...>Z,=X where Z;=Z7,,, UB;, and B,NZ;,,=F, Define the retraction
pii Z,— Z;,, as follows. Triangulate 0F;. Triangulate F; as vo(@F;) and triangulate
B, as vov,(0F,). Then p; is defined to be the identity on Z;,, and p; is defined on
B; as the simplicial mapping such that p,(vov,) =v,. Notice that p;-1(¢F,)=0F; and
pi }(x) is a point or an arc for each x € Z;, ;. Then p=p,_, - - - p, is a retraction of
Z onto X. Point inverses are collapsible by (8.6). The fact that (Y N F)<oF;
implies that no p; ever brings a point outside of Yinto Y. Hence p~}(Y)=Y, q.e.d.



222 M. M. COHEN [February

REMARK. Theorem 8.1 asserts the equivalence, in the compact case, of the
existence of a collapse X \ Y (mod Z) and the existence of a collapsible retraction,
mod Y, of Z onto X. It is the latter notion which we choose to emphasize in the
general case. Notice however that the proof of (8.1) gives us the following in-
formation: If a given infinite collapsing process(®) induces a well-defined retraction
p such that, for each x, p|p~!(x) is the composition of finitely many collapsible
retractions then p is a collapsible retraction. On the other hand, if there is a col-
lapsible retraction mod Y? of Z onto X™ then there is a composition of n+q+2
“collapses” taking Z onto X, where a ““collapse” consists of countably many
disjoint, simultaneous finite collapses relative to Y.

9. Regular neighborhoods via collapsibility. The purpose of this section is to
prove

THEOREM 9.1. If X, Y, V<M and

(1) M—(X v Y) is an n-manifold,

(2) V is a topological neighborhood of X—Y in M,

B) VN Y=Y,

(4) V— X is an n-manifold,

(5) there is a collapsible retraction, mod Yy, of V onto Xy, then

(a) there are regular neighborhoods U and U, of X mod Y in M, contained in V,
and there is an isotopy H of V into itself such that H|(Vx0) U (UyxI)=1 and
H\(V)=U,

(b) if M—(X U Y) is a manifold without boundary then V is a regular neighbor-
hood of X mod Y in M,

(¢) if M is actually a manifold and if C1 [(V N oM)— Y] is a regular neighborhood
of (XN oM)mod (Y N OM) in OM then V is a regular neighborhood of X mod Y
in M.

REMARK. One can combine (9.1), (7.10) and (7.9) to get the following program for
recognizing regular neighborhoods in polyhedra via collapsibility. If Z is an n-
dimensional polyhedron let Z, denote the set of points of Z whose links are not
(n—1)-spheres (i.e. the intrinsic (n—1)-skeleton of Z). If X, Y, V<Z let V;
=Cl[(V N Z,)—Y]. Then, by (7.10b), V is a regular neighborhood of X mod Y
in Z if (a) ¥, is a regular neighborhood of (X N Z,) mod (Y N Z,) in Z,, (b) V;
extends to some regular neighborhood of Xmod Y in (Z,Z,), and (c) V is a
regular neighborhood of (X U V) mod Y U Cl(Z;—V,) in Z. Since (Z—Z,) is an
n-manifold without boundary, condition (c) can be checked using (9.1b). Condition
(b) is not always satisfied. One has to verify it directly or, if possible, apply (7.9).
Condition (a) is just the recognition problem in lower dimension. Proceed in-
ductively(®).

(®) E.g. the process of trace-finite collapse considered in [S].
(°) Since this was written J. Stallings [Notes on polyhedral topology, Tata Institute, 1967]

and E. Akin (loc. cit.) havecarried through similar but more efficient programs for compact
polyhedra.



1969] GENERAL THEORY OF RELATIVE REGULAR NEIGHBORHOODS 223

ExaMpLE. The importance of condition (b) in the above remark is illustrated in
the simple situation where Z=(R%x0) U ([0, 2] x0x [0, 10]) < R®, X={(l, 0, 0)},
Y=, and V=([0,2]x0x[0,5) U ([—1,3]x[—1,1]x0). An example where
(c) fails was given in (5.5).

CoNVENTION. If Z is an arbitrary g-dimensional polyhedron then ¢Z denotes the
subpolyhedron consisting of points of Z whose links are not (g — 1)-spheres (i.e. the
intrinsic (¢ — 1)-skeleton of Z. Notice that #Z underlies a subcomplex of any trian-
gulation of Z.

Preliminaries to proving (9.1a). Let (J, K, L; /) be a triangulation of (V, X3, Y5)
such that h~1ph: J — K is simplicial. To simplify the notation we write p=~h~ph,
when no confusion can occur. Choose a first derived J' such that p: J' — K’ is also
simplicial. The proofs given to derive the basic facts about dual cells when J is a
manifold (see §5 of [C]) apply almost verbatim here, where J— K is a manifold
and the symbol “¢” has the broadened meaning given above. Thus, if o is an
i-simplex of K—L, we know

(A) D(o, p)— D(o, K) is an (n—i)-manifold (possibly empty).

(B) 3.D(0, p)=D(a, p) U D(o, p|dJ).

(©) D(o, p)— D(o, K) and D(o, p|éJ)— D(o, K) are (n—i—1)-manifolds.

(One or both may be empty.)
Analogous statements hold for D(o, J), D(s,J) and D(o, 8J).

The idea of the proof of (a) is to retriangulate |J| as a stellar neighborhood of
K’ mod L'. First we use the fact that p is a collapsible retraction to triangulate each
dual cell D(o, p), s <K—L, as a cone which stretches from the subcone D(o, K)
out to dJ. This yields a new triangulation of |C(L’,J’)|. Then we use the hypothesis
that p~'L =L to extend this triangulation over |N(L', J')|. The crux of the first part
is given by

LeMMA 9.2. If, in the above situation, o < K—L then there is a homeomorphism
f: (vC(b(0), 2D(a, p)), vD(o, K)) — (D(o, p), D(o, K))

such that
(@) f1C(b(o), 2D(o, p))=1,
(i) f()=0b(o) and f|vD(o, K)=(f|v) * 1.5, (see Figure 3).
REMARK. b(0) < D(o, p) < 0 <dJ. If o« 0J then
C(b(0), 9D(a, p)) = 0D(o, p).

Similar assertions hold for 0.D(o, J).

roof of the lemma. Since p|D(o, p) is a collapsible retraction of D(o, p) onto
D(a, K) it follows (8.1) that D(c, p)x D(o, K). We subdivide to get a simplicial
collapse and then apply Whitehead’s shelling procedure [W, Theorem 23n]
to conclude that D(c, p) is homeomorphic, keeping D(o, K) fixed, to a regular
neighborhood of D(s, K) in D(o, p). (Whitehead’s procedure works because
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D(a, p)

777

(shaded)

D(o, K)

C(b(o), 8D(a, p))

A schematic diagram of D(o, p)

FIGURE 3

[D(o, p)— D(o, K)]is a manifold. This procedure only involves the subtracting away
of balls which are stars of barycenters of simplexes deleted during the simplicial
collapse. Hence it does not matter whether D(o, p) is a manifold along D(o, K).)

We claim that D(e, J) is also homeomorphic, keeping D(o, K) fixed, to a regular
neighborhood of D(o, K) in D(a, p). For one checks easily that

D(o,J) = N(D(o, K), D(o, p)) = N(D(o, K), D(o, J))
and
N(D(s, K), D(o, p)) = N(D(o, K), D(s,J))
< [D(o, J)— D(o, K)]
< [6D(s, J)— D(a, K)].

But N(D(s, K), D(o,J)) is a manifold by (5.4), being simplicially isomorphic to
C(LK (o, K)', Lk (0, J)"). Thus it is a codimension zero submanifold of [0.D(c, J)
— D(s, K)] and so is locally collared in [ D(o, J) — D(¢, K)]. The claim follows from
the stellar neighborhood theorem (6.1a).

Invoking the uniqueness of regular neighborhoods, there is a homeomorphism
fo: D(o, p) = D(o, J) such that fy| D(o, K)=1. We shall modify f, to get a homeo-
morphism which also takes C(b(c), @ D(o, p)) onto C(b(c), 8D(c, J)).
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Notice that

It

D(o, K) N [D(o, p) U D(o, p|oJ)]

D(o, K) N [p~1D(o, K) U (p~1D(o, K) N 8J)]
D(o, K) U (D(o, K) N 3J)

D(o, K) U D(o, K N 8J).

D(o, K) N @D(o, p)

Il

Similarly
D(o, K) N @D(s,J) = D(o, K) U D(o, K N 3J).

We claim that N(b(s), 0D(o, p))=N, is a regular neighborhood of
D(o, K N 8J) mod D(o, K)
in 8 D(o, p). For the complex D(o, K N 0J) is a subcone of N, and it is easy to see
that
D(o, KN 8J) N D(o, K) = D(o, KN 8J) N N,,
N, = N(D(o, K 0 8J)— D(q, K), éD(a, p)).

Further, [N, — D(e, K)] is locally collared in the cone N, and so, as a codimension
one submanifold of the open manifold [0 D(o, p) — D(o, K)], is also locally collared

in C(b(c), 9 D(o, p)). Thus the claim follows from the stellar neighborhood theorem
(6.1c). Similarly N (b(o), ¢ D(a, J)) is a regular neighborhood of

D(o, KN 8J)mod D(o, K) in 8D(a, J).

But fy| D(o, K)=1. Thus the preceding paragraph tells us that f,N(b(o), D(a, p))
and N (b(o), 2D(o, J)) are each regular neighborhoods of D(o, K N 8J)mod D(s, K)
in @D(o, J). Since D(o, KN aJ) U D(s, K)= D(o, K) N @D(s, J) it follows from
(7.8) that there is a homeomorphism f; of D(s, J) onto itself such that

filD(o, K) =1
and
S1foN(b(0), 8D(a, p)) = N(b(o), ¢D(a,J)).
The homeomorphism f,=f,f, of D(s, p) onto D(o, J) takes C(b(o), ¢ D(a, p)) onto
C(b(o), 0D(o, J)) and is the identity on D(o, K).

Since D(o, J)=b(c)D(o, J)=b(c)C(b(c), @D(s,J)) is a cone with D(s, K) as a

subcone, D (g, p) is, piecewise linearly, also such a cone. Explicitly, define

f: (vC(b(0), 2D(a, p)), vD(o, K)) — (D(e, p), D(o, K))
by setting f(v)=b(c) and defining
f=f21 e [(f]v) * (f2|C(b(o), 2D(o, p)))]-

This completes the proof of the lemma.
Proof of (9.1a). Let L and Q be joinable complexes and let C be joinable with
L+ Q,where L~L', Q~C(L', K')and C~ C(K’, aJ'). Every simplex of K’ is of the
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form AB where A<L’and B<C(L’, K’), so K’ is naturally isomorphic to a sub-
complex K<L+ Q.Letf: Ku C— K' U C(K’, 8J')bea simplicial isomorphism such
that f(K)=K’and f(L)=L’. In general,if S < K’ weset S=/*(S). We shall construct
a subcomplex J< K * C and a homeomorphism g:J—J' such that (J, K, L; hg)
is a stellar triangulation of (V, X, Yz) and hg(N(K—L,J)—L) is locally collared
in V. Then (9.1a) will follow from the stellar neighborhood theorem.

Let J;<J' (=1 2igg=dim (K- L)) be given by

Ji =K' UCK,aJ)uU{D@ p)o < K—L,j = q—i}.
Notice that J,=K" U C(L’, J’) because
Cc(L',J)=pCWL,K'), by(2.14)

=p U {D(o, K)lo < K—L}

— U (DG, plo < K—L}.
Then (J_,,g-1)=(KU C,f) is a triangulation of J_,. Proceeding inductively
assume that a complex J;< K * C and a homeomorphism g; have been chosen for
each j<i(i=q) so that

(i) (J;, g;) is a triangulation of J,.

(i) If k <j then J,<J; and g, =g;|J,.

(iii) If 6=0""7 < K—L then gj * D(o, p) is a subcomplex of J—denoted D(o, p)—
such that every principal simplex of D(o, p) is the join of a nonempty simplex in
D(s, K) and a simplex in C.

In order to extend (J;_,, gi_,) to a triangulation which covers each D(c*"*, p),
notice (writing oc=07"1) that
D(o, p) N Ji—y = D(o, K) U [D(o, p) N C(K’, 8J")] U D(o, p)

= D(o, K) U [D(o, p) " C(K', 8J")] U [D(o, p) U D(, p|aJ)]
D(o, K) U D(o, p) U D(o, p|dJ)
U {b(r)- - -b)|o < p(r), 7 « K, < 8J}
D(o, K) U D(o, p) U C(b(s), D(o, p|oJ))
D(o, K) U C(b(o), D(o, p) Y D(o, p|dJ))
D(o, K) U C(b(0), 2D(o, p)).

Because C(b(0), @D(o, p)) is the union of the last two summands of the first
equation, we see from (i)-(iii) that its inverse image underlies a subcomplex—
call it T—of J;_,. Also from the first equation, TN K=g;4 D(s, K), so that
b(e)T < D(s, K) * (T N C) is a subcomplex of K x C. We claim that (b(0)T) N J;_y
= D(o, K) U T. This is because any simplex of J;_; which meets both C and X lies
in some D(r, p), where dim 7>/, and thus, by (iii), cannot contain b(o). We define
D(o, p)=b(s)T. We extend g;_, to g;: D(o, p) — D(a, p) by stipulating that

gi|5(°)T = fo(k *(gi-1|T)),
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where k(b(0))=v and f: vC(b(o), ¢ D(o, p)) — D(o, p) is the homeomorphism given
by the preceding lemma. Doing this for all c=0?"< K—L we get a triangulation
(J:, &) of J; satisfying (i)—(iii).

The pair (J,, g,) constructed by this process is a new triangulation of
|K' U C(L',J")|. We proceed to extend this over |[N(L', J')|. Let us denote

X S={A4,0)| @ # A4 =b(eg) - -bley) <L,y < 0,0 <K—L}.
Then
N(L',K') = \J{4AD(s, K) | (4, 0) € S}

N(L,J') = p~*N(L, K'), by (2.14)
= U {4D(o, p) | (4, 0) € S}.

J=U{4D(o,p) | (4,0) e S} U J,.

Since AD(o, p)<A * D(o, K) * (D(o, p) N C), J is a subcomplex of K* C. If
(A4, o) € S and < K—L then (4 D(o, p)) N D(r, p)=[D(e, p) N D(r, p)]=D(o- 7, p)
where o- 7 is the smallest simplex of K containing both ¢ and = and D(o-7)= & if
there is no such simplex. Thus

N(L,J) = U{4D(, p) | (4, 0) € S},

N(L,J) = U{D(o, p) | 343 (4, 0) € S},

N(L,J)nJ, = N(L,J) v N, K).

Define J< K * C by

Define g: J — J' by the conditions that

glJe = 8o 8lAD(o, p) = (g4|A) * (g,| D(o, p)) if(4,0)€S.

Then g is a well-defined homeomorphism and (J, K, L; g) is a triangulation of
LKL ]

Clearly LI K<J. Also J=N(K—L, J) because every principal simplex of J is of
the form 4B where 4 <L (4 may be empty) and B is a principal simplex of D(s, p)
for some o < K—L. Thus by (iii), BN (K—L)# 2.

Finally N(K—L,J)—L is locally collared in J. For, we claim that
g(N(K—L,J)—-L)=C(K'—L’,3J')—L’'. The latter complex is locally collared in
the manifold J'— (K’ U L) since, by (5.4) it is an (n— 1)-dimensional submanifold
of o(J'—(K'UL’)). To verify the claim, suppose that F is a simplex of
N(K—L,J)—L. Then F=AB where A<L (possibly 4 is empty) and B< D(s, p)
for some o< K—L. Actually B< D(s, p) N C since FN (K—L)= . But g|Cis a
simplicial isomorphism. Hence g(B) is a simplex of C(K’, dJ') N D(o, p) and
g(F)=A = g(B) is a simplex of J'. In fact g(F) <oJ’ because A <0oJ', g(B)<oJ  and
aJ' is full in J'. [Proof that A<dJ’: Let L=Lk (4,J'). Then @ #g(B)<L n
C(K’, aJ"). Thus p|L# 1. But p|L is a retraction and L\ pL. So L is not a sphere.]
Therefore g(F)<oJ', g(F)« L' since F<L, and g(F) N (K'—L")=g(F n (K-L))
= @. This proves that g(F)< C(K'—L’, 8J')—L’. The opposite inclusion is proven
in a similar manner.
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We apply the stellar neighborhood theorem to the triangulation (J, K, L; hg) of
(V, X&, Yz). The proof of part (a) is complete.

Proof of (9.1b). We assume that M —(X U Y) is a manifold without boundary.
Hence, by invariance of domain and assumptions (2)—(4),

o(V=X) = Bdyy-axor(V—X) = Bdyy_x(V=X) = (Bdyy V)-Y.
Therefore (Bdy,, V)— Y is locally bicollared in M and
o(V—X)U Yp = (Bdyy V) U Yi.
Let W be a regular neighborhood of X mod Y in M. Arguing as above,
o(W—-X)U Y, = (Bdyy, W)U Yg.

By (9.1a) there exists a homeomorphism f: ¥ — W such that f|Xz=1. Clearly
fe(V-Xx)=e(W—-X). If (J, K, L; h) is a stellar triangulation of (W, X, Y3) in
which AN(K—L,J)=(Bdyy, W)U Y, then (J,K,L;f 'h) is an analogous
triangulation of (¥, X, Yz). The result now follows from the stellar neighborhood
theorem (6.1b).

Proof of (9.1c). We now assume hypotheses (2)-(5) of (9.1) and also that M is a
manifold and that V,=Cl [(V N éM)— Y] is a regular neighborhood of

(XNneM)mod (Y N oM)
in 9M. Let W be a regular neighborhood of X mod Y in M. We denote

X, =Cl[(XnoM)—(Y noM)] = (X N oM),
Yi'=X;Nn(YNnoM) = (YN oM),
W,=Cl[(WnoM)-Y].
By part (a) there is a homeomorphism f: V' — W such that f|X,=1. Clearly
f(oV)=0W (where, as before, 0V and ¢ W denote the intrinsic (n— 1)-skeletons of
V and W). We shall modify f to get a new homeomorphism which also takes V;
onto W;.
We claim that V, is a regular neighborhood of X; mod (Y n oV) in éV. For,
since V; is a regular neighborhood of (X N 0M) mod (Y N 9M) in M, there is a
stellar triangulation (J, K, L; h) of

V1, X1, 1) = (V, AL (X, = (Y 0 aV), CL(X,— (Y naV) n (Y naV))
such that AN(K—L,J)=(Bdysy V1) U Y;=(Bdys V) U Y;. [The last equality

follows from invariance of domain since it is equivalent to the assertion that
(Intgy, V1) =Y, = (Intgy V1)— Y,

where éM and (0V)— Y are (n— 1)-manifolds without boundaryand V;, N Y=1Y,.]
Thus the claim follows from the stellar neighborhood theorem (6.1b) once we
know that (Bdys, V,)—(Y N oV) is locally bicollared in @V. This is true because
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the latter set is just Bdyey, -y (V1 — Y) where V;— Y is an (n— 1)-manifold in the
open (n— 1)-manifold (¢V)— Y.

The argument above also applies to W, (see (2.13)). Thus f(V,) and W, are both
regular neighborhoods of X, mod(YNnoW) in oW. But (Xzn oW)=
X,V (YN oW)and (W— Xg) is an n-manifold with (6 W— X3) as an open subset
of its boundary. Hence, by (7.8) there is a homeomorphism G: W — W such that
G| Xg=1 and Gf(V,)= W,. Let h=CGf.

Since A(V,)=W, it follows that A(V, VN oM)=(W, Wn oM). Thus, by
invariance of domain,

h(Bdyy V) U Yy) = (Bdyy W)U Y.

Let (J, K, L; ho) be a stellar triangulation of (W, Xz, Yz) such that h,N(K—L,J)
=(Bdyy W) U Y;. Then (J, K, L; h=1hy) is such a triangulation of (V, Xz, Yz).
Since (Bdyy V)— Y=Bdy,_y(V—7Y), and since (V—7Y) is an n-dimensional
submanifold of (M — Y) meeting (M — Y) in an (n— 1)-dimensional submanifold,
we know that (Bdy, V)—Y is locally bicollared in M. Hence, by the stellar
neighborhood theorem, V is a regular neighborhood of X mod Y in M, q.e.d.
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